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PREFATORY NOTE 


Tub uso of complex quantities, i.e,, quantities part real 
anti part imaginary, in tlio theory of alternating currents 
has been gnsatly developed by Dr. Clnirlos P. Steinmots; 
in his work on “ Alternating Current Phenomena.” It 
would bo didieult to determine the inlluence which earlier 
writers, from the time of Caspar Weasel down to Steinmetz’s 
daj^, have luul in laying the foundation on which Stein- 
met/. has built. It is, however, fair to say that the great 
advance in the use of vector methods, both algebraic and 
geouHitric, tlue to Dr. Steinmetz, justifies us in calling 
tlieir ap))licatiou tt) alternating current plienomona Stein- 
metz/s Method. 

I'larli(;r writers used complex quantiti(m to represent 
vcclor quantities algiibraically. Dr, Steinmotz oxteiKhul the 
ajjplication so as to iiuilude harmonic (piantithis. As 
luanj^ writers on (diadvrical Bul)jects are prone to confuse 
V(‘(!tor and liarmonic (piantitioH, tlui author thinks it 
necessary to distinguish these two uses of complex (pnin- 
iitl(\s, and for that purpose he starts with the vector use 
and hit(5r talces up tlio harmonic us(i. In addition, sub- 
traction and certain cases of multiplication and division, 
c()i’rc<',t ixisults are obtained liy tj’oating harmonic quantities 
as v(a5tor quantities; but in other oases of multiplication 
(siKih as multiplication of o.m.f. and current to obtain 
power) and division (such as dividing power by o.m.f. 
to got ciiiTont) incorrect results are obtained unless arbi- 

iii 
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traiy rules of multiplication and division aro introdiuuul. 
It thereforo is necessaiy thoroughly to oxaniino tin? fuudu- 
mentals of tlioso uses of complex quantities, and to 
deduce the laws of addition, subtraction, inultiplieatiou, 
and division, as applicable to vector quautiti(!S and to 
luirnionic quantities whether simple (electromotive for(!e 
and current) or compound (power), and also to sueli non- 
harmonic quantities as resistance, capacity, indiuitaiice, 
etc., in connection with luinnonic quantiti()S. 

IJierc are two methods em])loyed b}'' eh.Mitricians using 
the complex quantity notation. Tla? eider method dm^ (n 
Dr. Stoinmetz is expre.ssed in graphical form by the wave 
diagram. The other juethod ustis the so-calhni (U’ludv 
diagram. In both methods counter-clockwise rotations am 
used, though tJic formula) have Jed some per.sons to think 
that Dr. Steinmetz inis used clockwise rotations. It is 
true that the imaginary terms in the resulting formuhe 
have ()ppoHito signs. In reading Dr. Steinmetr,’s works no 
confusion need re.sult for one accustomed to the crank 
diagram method if the dilTerences are kept in mind. It 
has seemed to the author that the crank diagram nmthod 

suits In’s purpose bettor, and conseiiuently it will be used 
in this book. 
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REVOLVING VECTORS 


CHAPTER I 

rotary power of roots of minus one 

S I. l^oforo tho year 3797 algebraic expressions were 
nso(l to r( 5 pres( 5 ut magnitudes only, but in that year 
a DimiaU au.'vcyor, Caapar Wcaael, p.'cacnted a .nemou- to 
tlui Koj'al Acadomy of Boioucos and lajttora of Dcnmaik, 
entitled "Ou the Analytical lloprosontation of Direction . 
\A'(Maol’H moinoir laid tlio foundation tor vector anaylais, 
for tlio tlicory of tuncliona of a complex variable, and lor 
Btoinmote’a method for altcrnatiui^urrcnt phenomena. 
In thia paper AVcaael introduced V-1 aa Uw sign of pir- 
romlioxdarUv, and used the letter r to 
of the imaginary unit. It i.H now common to use the lett 
1 or f tor V-I. Ho allowed how a quantity might bo 
repreaented both in magnitude and direction by an nlgobraio 
expreaaion, and made it clear that ho uaed tho stgn of por- 
pondkularUg not aa a tnetm- in the atr.ct 
but rather a.H an operator functionmg to lotato the mag 

1 0,a WmklioneiM analytiako llotogniiiB, ot FoniOs 
„.„Ua til piano <-« f Fmnch 

XLVI, p. 33. 
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nltudo for which tlio rest of tlio iilgcd.niic! quantity al-ood, 
througli an angle of 90°. 

Until the (liscovcry by WchhoI of the uho of V - i an 
the sign of perpendicularity, this symbol wluni oc(;urring 
in a problem had always laaai taken as a sign imlicatmg 
the impossibility of the problem, just as wo an^ acimstouual 
to view the answer obtained as absurd if, for oxampk!, we 
arc required to divide seven appl(!s into i)ile.s liaviug ten 
apples in each. In early ages minus (|ua.ntiti(^s we r(i un- 
known, and solutions involving the iiulication ()f a minus 
quantity were taken to indicate an impossiliility. We 
now think it fair to hold our minds open to some nmv 
meaning to be assigned to symbols which formerly w(U’e 
meaningless if not absurd. 

Wessol's memoir met the same fate as many others, 
written in advance of their time, such as (u'csuis essay in 
which tlie potential function was christened, and (libbs’s. 
essays in which the foundation of the tlnirmodyuamics of 
the voltaic (ioU was laid; for Wessers ])aper was init to 
sleep in the printed memoirs of the Academy, its slumiier 
not to be disturlied until long years after, wlutn Wessol’s 
ideas had been rediscovered by other men such us Aigand, 
Gauss, Cauchy, Frangais, and (lergonne. 

§ 2. To siiow how little prejiared the mathematiiial 

world was for Wessel’s use of V'- i, it is interesting to- 
find that Cauchy ^ ns late as ISd-l said: 

“Every imaginary oiiuation is naught (dse than the 
.symbolic representation of two o(|uations between real 
quantities. The employment of imaginary expressions 
by permitting us to roiilace two etiuations by a single 
one, often offers the moans of simplifying euleulations 
and of writing in abridged form (piito compliiiated re- 
sults. Such indeed is the principal motive for con- 

‘ Cnuchy, ExorciBO d'aualyHo ot do physifiuo malhoimitiquc, Tt«iuv 
III, p. 361. 
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tiiiviing our visG of tlioso expressions, which icihcn lilo (illy 
and interpreted according to goierally esUdMshed con- 
ventions signify nothing and are ivithoul sense.” 

Professor Dui-6g‘o of Prague says iu the introduction to 
liis lioolv on “The Theory of Fuiietions of a Complex A'^tiri- 
al)le”i: 

“ The work of deMoivre, Bernoulli, the two Fagnanos, 
d’vMemliert, Euler, and others was, on the whole, loolcetl 
upon mere us sciimtific foolery (Sj)ielereieu fiir lilese 
Curiosa), and that it was entitled to appreciatieii of 
worth only iu proportion us it lent useful means to 
help iu other invewtigations/’ 

§ 3. To prepare for a meaning to an ev(m root of a 
negative quantity, it may lie useful to considm- how a 
ntigative (piuntity was ti’ansferred fi'om the ahsurd and 
impossible to the category of real and jinHsible (piantities. 
Wo are all in agreement that no quantity, in tlui strict 
sense, can be a quantity at all if its magnitude is less than 
zero. Ifow are we then to understand the luigative sign, 
if a negative (puiutity is to have reid meaning? 'I'he 
solution Of the puzzle is illustrated liy ineans of such r 
ju'oblem us this: The point A is live miles east (if H, th 
point C is ten miles east of li. How many miles is A ei 
of C? The r(!sult is- 5 miles. The old interpretation ^ 
the result is that the answer is absurd, for A is not eas 
of C at all. The modern iutein’etatiou is that the ansv 
is not absurd and that the -5 miles is to be uiulersUi 
as 5 miles west. Or put in another way, the negative sig 
is not to bo understood, as compelling us to conshkr . 
distance less than nothing, but simply that the minus 
sign is an operator which functions to change oui east- 
ward Honso of counting into the opposite or westward. 

‘Duvfigo, “Thcorio dor .Fuuktionon oinor comiiloxon voriludor- 
liclion tlrtoao," p. 2. 
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Wo may then oon.sidor tluit wliat Im.s Ixam (.jikoii ua multi- 
plication —1. is not roiilly imiltipliciition at all, but 
merely the use of an operator tuniiii;^’ an eastward through 
180° into a westward sense of eounting. 

§ 4. In an analogous way, let us (ioiisider wliat would 
happen if an operator could h(i found which on bcsing 
applied to eastward sense would change it to noi’thwai'd 
and on 1)eing applied a se(x>nd tina^ woul<l (Oiang<i noi'th- 
ward to westward, and so on with suc-cessivci applications 
of this operatoi', (ilianging westward to southward, ami south- 
ward to eastward. 'I'liat V — I, is such an opiu'ator was 
discovered by AVes.S(!l, and as Ixifore luetitioned, ho (ialhal 
it Ihe si</)i of perpendiculdrUi/, for ho found that V — 1 
used twice would (uuise a rciversal of direc.tioii or a rotation 
of 180°; and what was nitm^ natund than to assume that 
one application wouhl ])rodu(!(i a rotation of 0(1° ? 'J'o 
avoid ambiguity between the two Hens<*s in a plane through 
which the 180° rotation to prodiujo a reviU'sal might bo 
taken, we may agree to (lousidei- the rotation to take place 
counter-clockwise. We thus have 

V— i East North, 

T East I North -- West, 

East-^^ lV‘-I Nortli 

— s/ — i W <\Ht ' iSoiltl 
East n/:ri 

is/— I West"^> \/ — 1 iSouth-vEast. 

To abridge the notation, hut not compromising ou 
attitude, wo may writ(i; 

(\/“i)‘A East - Nortli 

“ (\/^ 1)2 West-'«> \/^l South East. 
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§ 5. Although Incontradictory complication has resulted 
from the use of V- i as a 90° rotator, the reader may have 
giave doubts of the s^ty of using it in all cases as Wessel's 
sign o perpendicularity. His confidence, may be increased 
.)y showing that analogous assumptions of rotary powers 
given to other i-oots of -1, free from contradictions. 
To this end let us examine which we should expect 

to 1)0 endowed with the ability to rotate tlirough 00° 
as tliree ajiplications, «.■? aa algebraic muUiplier, would be 
equivalent to multiplying by --1. How about it as an 
operator? Let us nssuine that 


or ’ 

Ihis equation has three roots, as follows; 

Assuming that ,nay be used as an operator to 

mi eastward direction as bofom, we have three results: 


I East-a-hi\/;L\/~ 1) East:- A- East H-lx/a North, 
East = - 1 ;i iluHt - West , 

^31 V^) Kust^i EastH-^ViTSouth. 

•From Fig. 1 it is evident that the first result produces 
a rotation of 00°^ without change in magnitude, for the 
sine of (50° is and the cosine is The second result 
iH a rotation of 180°, simply changing eastward into west- 
waul, ilio third result is oithor a backward rotation of 


or 


or 
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60° or a forward (oounlior-alixikwisiO rotation of ilOO 
7 VII on boiiig ropontcd for Uk; tliii'd fimo piHtdiaio nsvcraa 
of (lirootion; for they jpvo ono~lialf a rofafioii, ont; lui 
ono-iuilf rotations, and two and oiui-ludf rotatioiiM I't^spoo 
ivcly, all boing takon as countor-(jlo(;kwin(!. 

To avoid oonfimion wo aliall tako V - 1 to b<^ an op('ra(( 
ondowod with tlic power of prodiioing a rotation' of (id 



procood in a similar way to show tlial 
V-i may ))o u.sod to pn)diioo a rotation of 'l;T’. I.ot 

or 

This (K]uatiou Iuih four aolutiona, m follows: 

a;:=. 

;c-.- i\/o™ j\/o\/:”rf^ 
iA/yl-iA/ijVri. 
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Applj'in/^ thorn F?ucceasively to an eastward direction 
xs before wo htivu tlio four results, 

V— 1 blast J V^Kasfc -h i V2 North —Northeast, 

51 * lA'^2 West -h Ja/ 2 North = Nortlnvest, 

51* — 1\/2 West -h iV2 Stmth = Southwest, 

51 ’ ]!last-hl\'^2 Soutli — Southeast. 

Tlioy are equlvahsvt to rotations of 45°, 185°, 225° or 
815°, aii<l nil on hein/f ropoateil for tho fourth time pro- 
:liic;o rev(n'H(ils (without or with extra eoinpleto rotations). 

§ 7. In the same way all other roots of — I niny ho 
ixaniiinHl (for all are known), and in every ease those 
•oots will 1)0 found to ho endowed with tlie property that 
19 operators they will produce rotations which, on being 
•epoattnl to tlie numher of times indicated ))y the index 
)f the I’oot, will produce nworsals. In gcnorul for the 
't)ot givjj-ig Hinnlle.st rotation 


„ — 7J. ^ jj. 

V — 1 — (!os |-v ~ 1 Hin — . 

n n 

In<Heiiting V— I by /, we may write this ecpiatiou 
♦) 

.,7 7C . . K 

1 " — COS ■--[■] Sin 

11 * n 

'Pliei’o are jdso other j’oots giving hu'gor rotations. Tlie 
j;c;nornl tixprossion for all roots is as follows: 


(2/)M l)7r , (2m hD7r 


y "!':uu)s 


■•hy sin 
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or indeed any number whatever, and we shall even 
use of it as a variable quantity in alternating c 
applications. 

§ 8. Let us consider two operators, able to p 
rotation through angles indicated by 0 anti (/>, 

yl — cos 0-\-} sin d, 

71= cos </H-J sin (/>. 

Multiplju’ng them together, wo get an operator A ■ 
A.B=(iosi 0 cos f/>— sin 0 sin (/> -l-j(sin 0 cos t/>H-c()s 0 sii 
==cos {0-\-(f)) H-/siu {0-\-(l)). 

This new operator has the power of producing f 
tion through the sum of tluj angles 0 -]-</}, It is 
remenibercd that ~ 1. 

If wo divide one bj*" the other, wo obtain 

A _cos 0-\-j sin 0 
B cos 0-1-/ sin (/) 

cos 0 cos</)-|-Hin <?a in </j /(sin 0 cos </>— cos 0 \ 
cos-^ (/>-|*sin^ ij) 

= cos (1? — f/d -I' / sin {0 — </») , 

From which it appears tliat is an operator proi 

a rotation through the angle O—iji. 

In a similar way to the multiplication above, if, 
f/» are equal, wo have 

A"^ cos 20 -I- / sin 2d, 

A^ « cos 8 d d" / sin 8 d • 

or In general, 

« cos nO sin nO ^ (cos d d'/ sin d) «, 
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If n0~ equals 180“ or n, we luivo 

A»- = Ao =COS TT -I'/ Hin 7C~ — 1, 
and 

From tins follows the value of \/— i- given above, viz., 

H/ 7 7t . . 7t 

V — l^eos — -1'7 sin 
n n 

The general value given aliovo may l>o rcaelKul in an 
analogous inaiiner, for if m is any whole mniibor (po.sitive 
or negative) or zero, wo have 


and 


cos (2wi-hl)zr-|-/ sin (2/?i -|-l);r'=' — 1, 

n — (2a?. '1-1)7: , . (27??,'l l)a- 

V — 1 — (iOH 7 sm — 

41 -IJ 


This IjiBfc expression, though it appfiar.s to Iiavo jtn 
indofinitely grejit number of dilTorent vjdiK^s, in fmdi lia.s 
only 11 dilTerent values, if n is a whole number; for the 
values of the cosine and sine reiioat after ii different values, 
it being evident that if in=^n, 

(2a'|-l)7r . . . (2?j.'|*:i)7r tc , , , t : 

JOS - — 1-7 Hin cos “ sin 

n n }i 


cos 


cos 

n w - 

If in’^~n-\-a, 

(2n-l'2«'I- 1)?: . , . (2?r-l'2a-l-l)7r 

— — Hin-^^ - 


n 

cos ' 


and so on. 


-Vj sin 
n n 


§ 9, If n is a fraction equal to which may be a projier 
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or improper fraction and positive or negative, botli p 
.and q being whole numbers, we shall have 

— 

r QK . • QK 

V — 1 — j = cos ~ + j am ; 

^ p p 

for on raising this expression to the power p, wo obtain 
y 2(1= cos qjt~\-j sin (]k. 

If q is an odd number j~'^~{iOiiqK— — l, and if q ia an 
even number ^**=008 -1-1. In both cases BuiqTC is 

zero. If q is negative the same result follows. 

§ 10. If n is a number which is neither whole nor a 
proper or improper fraction, we may by the do(!trino of 
limits have confidence in assuming that ^—1 will hav(i 
a value between V— i and "^—1, wliere r<n<s, and 
r and s are whole number.^ or fractions very (dose to one 
another in value. 

As wo may always find whole numbers or fractions, 
one larger and one smaller and dilTorent from n by amounts 
less than any as.signed amount, in the limit wo may lind 
the value of V ~ 1 with as high a degree of pi'eeision as 
desired. We may therefore have confidcnice that n may 
be a continuously varying quantity, say a function of the 
time. For example let w bo an angular velocity and I be 
time. We may write the following ccpiation: 

JL 

fotj , ir ^ 

V — i=j — cos sin wf. 

This equation expresses a variable operator whioii 
functions to rotate any vector to which it is ap])lia(l with 
a counter-clockwise angular velocity c;. In the case i ' 
clockwise rotation, substituting -od for to, wo ol,)tain 
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It should be had in mind that reversing the sign of 
an angle does not affect the cosine, but docs reverse tlic 
sine. 

§ 11. The formulai for rotating operators, as will bo 
shown in the next chapter, may be mons conveni{5nfcly 
expressed as powers of the base e of the Napierian system 
of logarithms, as follows : 

£n"/=co3 wi-|-/sin (ot, 


and 


£ jwt— cos w/— / sin wf. 
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§ 12. Ifc liMH Ixuni hIiowm in tlw! prnviouM (ilinpU'c lltnl, 
powcn'H or i’ool;.4 of Uuj iinnfjjimiry iinil., V—I, or j, mtiy 
b(< iiwid to olilnin an ojHM'jilor Avliioh r-nii fmudioii l.o rolnfo 
a vocl.or (|uniilriliy <nl.li(!r Miroiifi;li a .sUil.od iin^hi or (.hroufi;l» 
an iinnoasinf!; (lonfinuoiisly wil;U Mu; l.imo. 

opcral-or.s may Ixj ihoih; coiivtmioiit.Iy o.vpr(!.s.s<xl a.s ima;i;inary 
powor.H of £, llio baso of Uio Napioriaii .syabiin of lo;j;ariUnnH. 
Tlio inathomafioal formula) involvod worn ah’otidy old and 
wall known in Wuh.soI’h day ami aro U) bo found in I'lulor'H 
inomoirH. 

If wo oxpaud Hin;i: an<l cos a* in powor.s of a wo 
obtain: 


<1* /\»/i 

a" 

.i-l-oto. 

I'i 

X a*’ a® r7 

"r'- 1 (‘(.O 

[2n 1 1 ' 


co.s x~ 1 — py- 



j|r-l-ot(;.-h(--:l.) 





It is ovidont that if jx is substltutod for a wo .sludl havo 


eJ-B: 


a a* 

l^~li 


..r’ 




. X 


.yCi 


I -I- ji- jL_ -1 . .j p I . , 


— cos X'\- j sin a. 
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Referring to Chapter I it is evident that the rotating 
operator may take any one of four equal forms: 

J7 _2fl 

V— "i == j ” = £3"= cos 0 -\-j sin (9, 

in case rotation is to take place through a definite angle 
0; or in case the rotation is to bo continuous and a function 
of the time the four equal forms may bo written: 

JL 

V — i ^ — cos (ot -[-/ sin (ol, 

in which t is the time and (o the angular velocity. 

§ 13. If an operator consisting of the sum of two operators 
which used singly would produce rotations equal in mag- 
nitude but opposite in sense, is used on a vector, the oper- 
ator reduces to a simple factor causing the vector to follow 
the law of simple harmonic motion. The expression for 
such an operator is: 

cos (ol, 

a result which might have lieen obtained directly from 
Euler’s formula for the cosine, 


COS 0 


2 



CHAPTER in 

POSITION OF A POINT IN A PLANE 

S 14 Many applications of complex qiiautitios with a 
vector meaning might be made.^ It is l)olieye(l, however, 
that the following will sulTice to ilhistrato tlunr mo, ^ 

The position of a point in a pljvno may bo detorniinoa 
by rectangular coordinates. Using as l^efore j for Wesse h 
sign of perpendicularity, the position of the point J with 
reference to the point 0 taken as the origin of coordinates 
as shown in Fig. 2, has tlie following expression: 





a being the horizontal and 6 the vortical projection of the 
line of length p, connecting 0 and P. Wc have by geometry 
that a^pcoiiO, and b^pmiO, Using polar 

coordinates, the equation becomes 

P=p cos sin 0^ (cos 0-\-j sin 0)p, 
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Using tlie notation of the last cliapter, we iiavc 


P=e^^p= (cos 0+j sin 0)p. 


Weasel's idea of the analytical representation of direc- 
tion has an illustration in each of the equal operators 
and cos (!?+/ sin Each has a magnitude unity, and 
each may be considered to have the sole effect of specifying 
a direction differing by an angle 0 from the direction (hori- 
zontal) taken as standard. It is pormi.ssible also, as pre- 
viously done, to consider and cos 0-\~j sin 0 as o})erators 
functioning to turn p from a horizontal position to that 
indicated in the figure. The whole expression for P, 

P=a-\-jb=£^^p~ (cos Opj sin 0)p, 

has both magnitude and direction cxpre.ssed, the first form, 
apjb, expressing by a both magnitude and horizontid 
direction and by h both magnitude and horizontal direction, 
the latter being rotated into a vertical direction by th (5 
operation of /. In the later expre.ssions the operators, or 
analytical expressions of direction, £p and cos fl-b/ sin f-/, 
are expressed separately from the magnitude p which, if 
standing alone, would have been understood as a horizontal 
magnitudo, 


UNIFORM CIRCULAR MOTION 

§ 15. Another simple illustration may bo taken from 
uniform circular motion, one of tho simifieHt motions nuit 
with in physics and which wo shall use later in (joiUKiction 
with harmonic quantities. 

First let us consider tho position of a point moving 
about tho circumforonco of a eirede. Let the radius of tho 
circle be R and tho angular xjosition of the radius bo expros-sed 
in terms of angular velooity oj and tho time t olapsod sinco 
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eevolying vectoes 

1 • I ntirl fUl’OCi'jOCl tO tllO 

l!::! ufratotl" «f oivclo O .» ongm of coorJi- 
nates. Wo have then 

p^gjwi/jrs (cos col-b] Bin ioC)Rt 

I'l i^ (losirablo to take ns origin any 
If for any' reason > ' moasuro 

horizontal, wo would havo 



The introcluctiou of an iTlom 

epoch ( 9 ) introchieca no real cliHieuHy, Ihouyi 

pUentes tho expression. _ ]ilvidentl; 

Consider now tho velocity 7 of l>h( po i u 
we havo (using tho earlier expression foi . 

y='|:„,-a,.We=«(coH(.a(+|) +f «iu(«M-|))K 

= s' ("i) «B= +|) '2)) 
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This shows that the magnitude of the velocity is wiS, 

and the phase 90° or ^ ahead of the phase of P, both well- 

known facts of uniform circular motion. As the last trans- 
formation may have difficulties for some readers, it is 
well to note that, as given earlier, 

j „ 

and if wt equals ~ this equation reduces to 

iW 


therefore 

It is also of advantage in differentiating cos sin wi 
not to change from cosine to sine and vi(;e v(irsa, Init 

rather to advance the pliase by whicli comes to tlm 

same thing. Changing from cosine to sine and vice versa 
in differentiating harmonic quantities (unujeals the change 
of phase from immediate notice, and a clear understanding 
of phase relations is desiral)le. 

If tho origin of coordinates is not at the eontor of tho 
circle and if there is an epoch angle in the expression, tho 
second expression for P, 

a“j6==(cos (wt-O) -|-/ m\((ol~-0))R—a~’ jb 
loads to a valuo of V , 

at 

“ ^cofl^wPl-^— -|'J Hin^wf'l-^— (^loR, 
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, imiform circular motion Ib as 

The acceleration A m 

follows: 

tor tlio simple enso, ami 

, / I I fl') -1-7 sin 

• Ivofl caBC. 'I'iw' moaning of the formiiUc 
for the more invo - a a«(;oloration is lo^H] 
k that the hy tl>e 

effect of DAMPmO.SPIUAE MOTIOM 

, le. Anottmr hrtomstiug 2“"; 
nential spiral whio i |[ itu motion is ilampeil 

horisontal circular pat oniiatioii for 

in l-r:■‘”^‘: > it; foU«ws, if -0 take the 

JJ ^ e (><•>- «)Hi (cob '1 ■ i he > 

Vn 7?p”"Mstho)nugmUMlo of tUo cUnbanc 
Intlimoxprosraon Ae^ cos wH-J sin oil, '« H"' ‘“>» 

from the origin, ami , ‘ . n,,, iin„ trom 0 t 

f liSSS Xspoch to f, ivo got the velocit 
of the pendulum, 

(IP 


dl 


- (cos wl + j sin nil) « J f 'i 


T,et tanf/j = 


a 


8in</}' 


a 


I ^ 

and co«f/>«7T:;^^r1 



EFFECT OF DAMPING, SPIRAL MOTION 


19 


The expression for V then may bo rewritten. 


cos ( U -t-| 'I- ? sin (^(ol -1-|- -1- f/>^ RVa 


2 + 








\ 



The nccoloration vl iMUJonies 

A =- [cos (ot -r-TT -1-20) -l-j Hin (od Arc A2(l>)]R{(x.^ Acn‘^)£~ 

Those equations show that tlio phase of the velocity 
of a clamped circular pendular motion is | in advanco 
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of the phase of the position of the pendulum, i.e.^ <■/» more 
than a quadrant: and the pliase of the acceleration is in 
advance of that of tlie velocity an ccpial amount. Tlio 
acceleration is not directed toward the center, as is the 
case in uniform circular motion, but is in advance of a 
line drawn to the center by an angle 20, 

The real part of the above expressions is applicable to 
simple pcmlular motion (in a vertical plane) or to tho 
movement of a ballistic galvanometer with dam[)ing of 
moderate magnitude, and analogous ex})roHsions apjily to 
the charge and current in the case of th(5 oscillatoi’y dis- 
charge of a condenser in an inductive circuit. 

The origin need not be taken at tlui (amter of the spii'al, 
and there may lie an epocli angle if for any i-eason it is 
considered desirable not to take tho coordinate's as a.ssiimod 
above. Tho complications resulting are not troublesome. 



CHAPTER IV 


SIMPLE HARMONIC QUANTITIES 

§ 17. In the previous cluiptcra we luive used eoniplex 
f]unntitios in connection with reiil vectoi’s onl^^. In this 
clifipter we shull nniko use of vector expressions to repre- 
sent simple Jmrmonic quantities. 

In Chapter II the connection was shown betwcam a 
simple harmonic motion and a ])air of ciinnilar motions 
equal in magnitiule hut with oppositely directed aiif^'ular 
velocities. Algebraically this coimection is expressed by 
Euler's formula for the cosine, 


cos iol= 




As is well known, the real parts of and 


are 


identical and the imaginary parts eqtml and opposite. 
Wo tJiercforo have the relation 


cos = 


g/wi _L g {ll)l 


2 —real part [ef^^J^real part [6“*^"*], 


It appears from this expression that instead of expressing 
the simple harmonic motion as the sum of two opiiositely 
directed uniform circular motions whiidi are c(iiua in mag- 
nitude, we miglit equally well have considoved the simple 
harmonic motion as the real part of a single uniform 
circular motion of twice the magnitude of one of the pair 
anc 1 evolving oithor clookwiso or counter-clockwise as one 
may piefci, I his statement amounts to saying that a 
simple harmonic motion is the projection of a uniform 

21 
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circular motion on tlio diameter of tlio circle, or as man 
writers say: simple harmonic motion is the appareii 
motion of a point in uniform circiilai’ motion wIkui viewe 
from a distant point in the i)lane of tli(5 motion. 


HARMONIC ELECTROMOTIVE FORCE 
§ 18. Let us consider an electromotive force of the foi-i; 
e—Pj cos lot, 

which may be considered as the rcMil part of tlio expression 
E = ~ (cos lol -hj sill 

This equation is represented Ki’fqdniailly by OP, tho radiui 
of the circle imdei’stood to be revolving counter-clock wis( 
in the figure (Fig. 5) . 

P 



A dot over or under a symliol will be understood to 
moan tluit the quantity is analogous to a uniform cii'iuilnr 
motion, but no information is given with. resiKfct to tlio 
period or phase of tho variable. It must always be hail 
in mind that only the real part of the complex expHissiou 
is to be considered seriously. The other part is to be 
looked upon as scaffolding aliout a Imilding in jirocifss of 
erection, or tho sawdust in a liex of torpedoes, wliiidi lu'od 
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not be confused with the building or the torpedoes thoin- 
selves, respectively, for the iinnginmy symbol is a warning 
that the associated term is to be disregarded. Terms in 
which j occurs as ah index must bo resolved into theii- 
real and imaginary parts before tlie latter may bo dis- 
regarded. 

No error will be made in adding or subtracting such 
expressions, for the real ])art of the sum or tla; diffemneo 
of two complex ciiuintitios is the sum or the diffoixuua! of 
the real ])arts only. Multiplication or tlivision l)y, or 
differentiation witli respe(;t to, any real quantity cannol; 
cause any confusion,’ for none of these proiiesses (san change 
a term from real to imaginary or vice verm. Hut multi- 
plication, or division by, or differentiation witJi I'cspeih to, 
any imaginary or complex quantity Is apt to result in 
confusion unless quite arbitrary rules are used for these 
operations. As a rule in tlie midtijilication of two simple 
harmonic quantities, we may not use the whole expression, 
but only the real parts. As an example, in obtaining the 
expression for power by nudtiplylng (uirrent and e.m.f., 
we must u.se the retd parts only. Power, as a rule, is not 
a simple harmonic quantity, but is a sum (or diff(irenc(0 
of a consttint and a simple harmonic (piantlty of double 
frequency. ]Jr. Steinmetj} by using an arliitrary rule for 
such multiplication olitains the (ivevdife vtdue of the jiower. 
As it may be shown that Dr. Steiiimetz's rule for obtaining 
tiverage power always leads to the riglit i-esiilt, his rule 
may bo used fearlessly in such cases. 

§ 10. In representing htirmonic current or e.m.f. by 
motins of the tinalytical expression for a revolving vector, 
it was assumed aliovo that the projection, represented liy 
the real part of the expression, should bo the gi’apliiiuil 
representation of the current or o.m.f. respectively, and 
thoroforc diagrams should bo drawn to tho proper scale, 
hor many purposes it will ho found more convenient to 
change tho scale in such a way that tho longth of tho revolving 
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revolving vectors 


vector sliall represent the effective (square root of mean 
square) value wliicli is indicated by an annnetcr or volt- 
meter in the respective cases. Tliis value for .siinplc liar- 
moiiic cases is about 0.707, times the maximum 

value. The analogous equation i.s as follows: 

(cos sin col) \/'2E, 

if the value at any time t is to bo given l)y the projection. 
As it is only rarel^'’ that wo (hisire to know instantaneous 
values, it is more u.sual to use tlio former oxjiression 

= (cos (ol-\~j sill (ol)p], 

and understand by B the reading of the voltmeter, and 
in case inslanlaneoiis valuc.s are ever neiuhul, to find tlnun 
by multiplying tlio real part of E at any instant liy V 2 , 
The beginner must early master 'the difficulties introduced* 
or avoided by using or suppro.ssing VJ in the formula) 
and be on his guard to avoid misunderstanding various 
writers. It may be said that, as a rule, harmonic currents 
or electromotive forces are expres.sod in effedive valinss 
wlnle harmonic magnetic fields are expresseil in maximm 
value.s. PoAvor is as a rule expre.ssed in avcmuG values, 
iho reasons for tlicso apparently arbitrary choices the more 
advanced student has probably already learned. We 
cannot take .space here to go into the matter further,* 
and must bo content Avith the bare stateinont. 

HARMONIC CURRENT, IMPEDANCE 

§ 20. If the current, as avoU as the electromotive force, 
folloAvs an harmonic laAV, and lags liohind the e.m.f. by 
a ^ phase difference represented by the angle 0, avc may 

t- / cos ((oi-'O), 
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whore I in the inaxiimim value of i. If tlio eirciiit Iuih a 
renintanoo li and an iiiduetaiiee /y, and in not coinplioafced 
by capueily or luiitual iiiduc.i.aiMU!, aii<l iiuiludt^s no inol.orH 
or sourooa of o.in.f., Oliin’n law modified for varying eun'(!nl,n 
gives 

I' ■ - hH I ■ L - h’ eos otl.. 

< 11 . 

Siibstitufing tli(i value for i, as gixaai abovui, in the last 
equation, W(^ obtain 

P' (!OS <i>t= Hf eos (iot 0) I IhoI i 

If tliis erpiation is tru<5 for any and all tinavs, it is <ivl-- 
deiit that 

I'J sin sin {o)i- -l}) \- Ltol sin l .y 

I'roin this it follows l-hat- l-lie next (Mpiatioji is true, 

A’ .-== (cos od -\ j sin od) /C- /i7 (eos (od - 0) \ j sin (od-O)) 

~[-fAo!^‘.{)H^od- \ j Hin^od — 0 

and remembering that W(> have by simple traiis- 

formations 

" (/ibby'Aw) (<!os (od — O) \ j sin {od~0))l- ^>“>'PJ^ 
or 

A' ’ “ ( /)* I • / Ij<o) ( ■ ‘ 

.Substituting the exponential for the cjwine and sine (fxpros- 
sion, we have 


The diagram (hig. (i) shows tla; relations imalytieally 
expressed by the (spiations. The in-ojection of //on the 
horizontal axis (axis of real vahuss) eifiials the sum of tlio 
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projci'-tions of Ul mul jUoI, m cApi-.winl l.y Uui i.ii.li.n' 

equation, 

t-Kcos (od-O) \ ho>I v.ui^i^od 0 \ 

a (luartor period in mlvanee oi 
Hlwii{o)l-0), it irt evident tliat the l.riun^le in a ri}?;hl 



triangle, lly geometry m', then hav<i lor nmgnitudt' 
involved, 


and 

V7)!“ | AV y. 


This ratio between K and / ia ealhid the iini)(*dan(H< of th 
circuit and, in the exteiiHiou (d' Ohiii’M law to alteriiatiii 
currentH, playn the part Unit reHiataiuai doea b>r tlirec 
ciUTonta. Impedance ia measured in ohiim, just as thong 
it were a real n^Hiatance. 

In a similar way from the uniform (dreular formuh 
wo have 


R 'p jL{i) ‘ 




ehfR 


I sio 
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The complex constant It^-jLoj is also called the i mpedance 

of the circuit. It evidently has for magnitude V 

and as an operator rotates an associated quantity countcr- 

-1 

clockwise through an angle 0, equal to tan — . 

It is perfectly evident that H, w and L are all real 
fpiantities and tiuvt H and L(o do not in fact have any 
quarter-phase relation. To express tlie proved relation 
between PJ and / and between PJ and I, we merely assume 
the existence of a physi(!al <|uantity called an impedance, 
which we express as or U-l-jLw in the two 

cas(!s respectively. This is simidy a case of the end justi- 
fying the means. It is evident, however, that the investi- 
gation of tlu 5 relation betwinm A’ and / (either elTeidive 
or maximum values) has been jierfeetly general, i.e,, no- 
apecial valiums have been assumed for any of these quantities. 
We may theinfore fearlessly deal with impedances just 
as though resistances and reactances (as we designate 
prodiKds like Leo) had in fact perpendicular (or quarter- 
period differ(mce) relations. It must, however, be kept in 
mind that we are considering simple harinonii; quantities 
and that for other (jiuintities other results follow. 

§21. liCt us now consider the case of a simple circuit 
with simple harmonic e.m.f. and constant re.sistance A, 
inductance L and capainty C all in series. As is well 
known, after a reasonable time the currimt reaches its 
harmonic state and may be expressed as before by the 
formula 

i — I cos (mL— 0). 


Ohm’s law extended to varialdc conditions gives for the 
e.m.f., 

0 PC cos iol - Ri H- A -h idL 
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Sulwtituting tlio viiluo nf i, wo Iuum; 

It Ih ovidont thiit tlio c.oiiHtiint K nuist ztnui, otluirwino 
thn Kooond ni<onhor of tho (Mptutioii in not Hiioplo htu'iiuMiic;. 
Wo tlioi’oroi'(5 havo 



I'] cm 0)1 1 


li (xw 0) H 




E CO.H 


l\* <!()H (oil—(l) i ^hot— 



Tliia oqiiation in ilhistraUal l)y Fig. 7. 'I'lui projootionH of 
tUo aidoa of tho triangles on tho horizontal lino aro ovidtmtly 


E con (ol, IR ooa {lol — 0) 


and lllm — 




Tho triangle in undomt(«)d U) l)o in (tounl.io'-olookwino 
rotation about thn point 0, witii an angular volooity (». 
From tho triangle it in ovidont tliat 



E 


and tan 0 > 


C,. (n 

’ H ‘ 
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1 1 r 

The reactance, of the circuit is In case 

the angle 0 becomes negative, as shown by the diagram 
(Fig, 8), but the form of the equation remains unchanged. 
If we consider the projections of the sides of the triangles 
on a vertical lino, wo have 

sin {wl ~0) -\- Bin (^od- . 



Combining those two equations wo have, remoml)ering 

thate'-i— y, 

b-""- (-i-s+s) 

= (ll+j 

Tho fivotor and ita magiiitudo 

are called tho irapcdanco of tho circuit. 
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Tlioy i)lay tho Hiimo as fcha r(^ni.sl;aii (!0 in tiui oufjo of 
uiivaryinfj; curronts for wliiiili Dr. Ohm forimilni.otl his 
rulo, known as Ohm's law. 'Phis fjuil.or (in oil.hor form) is 
tho ratio hotwoon simpio Imrmonin o.m.f. ami onrniut 
ami may ))0 iisod hsirli'ssly in limlinj;- tho vnlm^ of tho 
onrront with known o.m.f. and virr vn-sa. In i|,n ooin- 
plox form im))odamui iiidioatos not mdy tho inn;^nitnd(i of 
tiio ratio, but also tho fatd. that tlio <!nn’otit hp>>t btdnnd 
tho o.m.f. by an an{.';lo 0, whoso tanj^ont Is tjxpntsstid ))y tho 
formula, 

tan 0 

This lap; bor.onuts a loading!; aiipjii if . 

( 'o> 


HARMONIC ELECTROMOTIVIC FORCES IN SICUIES 

§22. '.Pho forop;(»inp; mothod may bo muni for (diumits in 
whioh two olootromotivo forints of difformil. phaso aro in 
.sorio.s with a known impodanro, or for dividod oiinmits in 
wliioh tho c.uiTont in dilVonmt branohi's has diHoront pluisos. 

As an oxumplo of tho formor, mipposo a oirmnt, of 
itoHistan<!o lb and nniittatioo moludos I'Wii olind'i'ornotivo 
foroos in sorios, tlio sooond hip.jdih!; bohind tho first by a 
phaso difforonoo 0, It is assnmod that tho froipionoy is 
tho samo for both, Tho (iombiiiod o.m.f, oxproa.sod in u 
uniform oiroular formula in 

El •l-./i'a h ' "'A';. * c^"%Ei \ e' 

(ooH fb-y sin //) 

'PA’a (!o.s 0- /A’a sin /7j. 

Lot 118 nsHiimo timt l.m l 

i'f\ “r /ia <!0H {/ 
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sponding values for sin O' and cos O', Wo then shall have 

7i’ ==£;'«'< (cos O' — j sill cos 0 

= £j(w«~ o’)\/7i’i^T7i’2^T^7i'i7i'2 cos 0, 

and 

^=.V7';i»-h7i’2^-h27i’i/i!2 cos 0, 


Tlio impedance of tlio ciriiuit is R-\-jLio, and ib produces 
a lag 0" in the ciiiTent behind tlie cornliinod e.in.f, Tlie 

value of 0" is tan"^-4?■^ We have also the relation 
K 

U jLo} - 


Thoreforo the current is 

E 


'k-\-jUo 


/((o/- 0 ’— 0 ‘ 




^ '1 • -I- 2 1'J I pj ‘2 cos 0 





Example, Assunio .Zi’i'^lOOO volts, 7^2 “1200 volts, 
^=G0°, 7i:-=12 ohms, ohms, to find O', 0", I, and E. 

Answera, O' tan“* 0.()405, 0" =— tan"^ I ™ ld0.7() amp., 
A’ - 1007.0 volts. 

The diagram (Fig. 0) indicates graphicidly tho mag- 
nitudes and phase relations of 7i'i, E^ and E and tho phtiao 
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roliitioii of /. 'I’lio v.uirmk i.s ^ hruIo 

h«W(!V(!r, to avoid (atolooioo in (,|io diaanuo. 'riui wliolo 
diai-raio is uodorstood to ,otal.o ooo,d,sv,.|o.dcwiso ul.out 

0 witli an ■>,:/, tvinni / is tin, rr,.,|,u.„ov 

((!y(!|(!H por hitoihI) of Um (Mn.f.'n. 


PROBLliM OF A DIVIDKl) CIRCUIT 

§23. Tlio prohloin of a (livi<|<ul ciniiiil, i'm ns follows: 
Assunio an (Mii.f. K lad-wcon juiK-fion pniniis (.f a dividtMl 
ciniuili, in (mo liraiuili of Mio ('infuil. a r(\si!i(,nii(;(! /,>, 
roaotanoo and a om-nml. / ,, iti l.lic (d.lmr hranoli similar 



quaufcitioH ida, and /y, and' a om ronf I in flio nndividod 
part of Uio cirouil;. Tlio arnuiKonaml, of Mm (dntuit is a.s 
shown in tlm diagram of ('.onmadionn (h’lj;. Id). Lol; us 
take as known quauMMoa, 7,!,, ^o,, H,, and L.,u,, and 
lot us Imd 74’, /y and /, (;og(iMmr wiMi Mm i>haM(t rolal-itms. 

Lotuswntol?i-tairi^';i^ and d^.nian ' 

hol; us aHsuino Um phaao of /, (.o |,„ Mn» Hlandard. 
Wo hnvo thou 


fi (cos lot -V j sin lol) 7 1 , 

(7di 4-?Xiw)/i - V7i’,a ■ 1 7o 
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and 

E is alidad of h in pliaso by tlio angle Oy, In a similar 
way we have 

E^ {H2^-jL20>)h 

and 


The phase of h i« liehind that of E by the angle O^. Com- 
bining the equations for E, wo olitaiu the relation lietweeu 
1 2 and 1 1 as follows: 






where A is written for the expression 
and 




^ -I- Jj2^CO^ 


h-h 


jhW^-\-LxV 

^'U2^-\-L2^1U^ 


■JyA, 


I 2 is ahead of /i in phase by the angle Oy — O^. The 
whole eurrent I, that us the current in the undivided 
portion of the (iircuit, is 

I^Iy ^hlo-ZiO 


Separating read and imaginary parts of I, wo have 
-I- A cos (Oy — O2) '\'jA sin {Oy — O2 )) . 


Writing 


Oyy ban ^ 


A. sin (^t “ O 2 ) 


and deriving tho values of sin dg and cos 0;\, w(i obtain 

J - [i((!OH / sin Oyy) 2 , 

or 

/ g/ \/l -1- -V '2. A cos (()y ~ fla) , 

and 

cosier- ® . 



.l{l■lV()^VlN(i VKC'I’OH.S 




TilO pllilHO of^ I 1(!|hIh 1.1 phjuui of /, hy 
Oi-Oti. .1.1; is ciVjMtiiil, Mini, |)niris(>ly Mio Haino 
would Imvo Ihhm» j-oiudual if, itiaUaid of /, 

known, wo luid nNsnniod ktntwkaljyi (if /»;, /., 

o(|na(,ioiw would ainiply jiHV(» boon dorivod iu n di'ffomni' 
onlor. 

Kmmpk, j\»m\m /| >100 nmp(«n‘s, Uir.r, 

/vifa-2.r> oiiniH, u.y \n (diiiiM, Lior -in oIhoh, 

Vi', and I ai.ul iJio pliaso ndal ioiui. 

Anmvrfi. Vi’. oaO.O, /,.. .MO.ono, / , U*o.i‘S, //, 

VA; d,an * I ' -lo", /Ij ’l.nn ’ O.OOir/OS ;V‘ -I')' IS". 


difforoni; 

oliniH, 
lo nnd 


(.ail- 


1 I. 



Ilio prohlorn of a dividial t;lrc.iii(, Is illuMl.ml.od 
gmphioally in l.ho diagmina (Kigs. 1 1 nml |o). 'rim diugmins 
illustmto a pi’ohloin in whirli l.lio roMial;a.noo of l.ho Hmt 
bninoli ia tliroo l;inioH Mio roaol-anoo, wliilo in Mio sooond 
branoh roamOuico and roaol-anoo aro o.pial. !-’roni (,lio 
formor diagram (Fig. II) (,ho u.m.f. ./i’ may bo doforniino.l 
m tomm of ./i!i, L^o,, »nd /o. .Affor AV is dol.oi’ininod, (,lio 
diagram f uni whoa tlio nioaiiH of linding and Uio valtio 
h may Im dotoriiiinod. Tlio laM.or diagram (Fig. PJ) 
Hlu,™ ,*ti„U .,t U, r, ,U«I I. Iu I,|,i„ /, iH .Intwu 
1 aia 0 mA of tlio otlior diagram, ami in tlio Hanio way 
2 IS pavallol to A'2/2. Tlio (lingiiiial i'o|iroHoMl,H I Ui Mm 
samo scale as /, anil I,. Jf tl,,, 
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fully to scale they are an excellent check on the accuracy 
of the analytical solution, though it is evident that the 
analytical method must bo more accurate if carried through 
without error. 

In both the case of sei'ins circuits, and that of divided 
circuits it is possible that the (|uautities to bo added may 
differ in phase by larg(! angles and the total (so called) 
of the e.m.f. or current, in the different cases respectively 
may be less than either component. This is the case in 
a series circuit including a motor and a generator, which 


b 



in practical cases are nearly opposite in phase, or with 
condensers and inductauccis in series. This is true also 
of currents in a dividcul circuit, om^ branch having inductance 
and the other ca[)acity. 


RESOLUTION INTO COMPONENTS 

§ 25. Instead of indicating tiie e.m.f. and current as 
projections of uniform circular ({uantiti(!H o.xpr(!ss(Hl in mag- 
nitude and phase (the latter as function of the time), 
wo may express the circular <puintities at tlu^ particular 
instant in terms of their real and imaginary components. 
I.ot JiJiA-jlH'i repr(isent the (iircmlar (piantity whose 
magnitude is the effective valium of tlie e.m.f. 

The instantaneous value of tlie e.m.f. is as (ixidainod 

elsewhere (§19). TJio expression in the same way 
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expresses tlio eiirreiit ((iffoetive 
mstiintmieous value Wn tiuui hIimU liuve 




(Uo 


(/i !•//;!) 


-7.7, 



)/c i-y 

/i7.. ! 

(hot- ■ 


/ 


\ 

Hot/ • 


As the two eiroular <iuaii(-il.i(!S an. (spial I’li lad.li inagiiitmlo 
mid direction, wo luive tli(» two (upiationM, 


and 


=W;rl- 


('-71)'" 


Tlui (juautitH^H IC], JC-j., /,, Jiuiv he |iosil.ive or intj^ative^ 
or scmie may l>e positive and the otliers tuif'ative. 

Wo also have 


/M-, .y 


(/■^i I /Ac) /^• / Ac;- vr- 
( <11 


A’a ■■ A’l 

' Fil.;)" ' 


/.!2|- Uo 


, v> 

(lot 


and this is (xpiivahait to tim two et|im(.iona, 

' ' \ 



RESOLUTION INTO COMPONENTS 


37 


Lastly we have 




Loj — 77— 
Cm 


/i+j72 




and from tills it follows that 

7* _ 7i / 1 7t d- ^ *' 2 ^ a 

and 

T — L 

Cm^'^ • 


Should the oireuib ho non-iiukuitivo, wo shall have 
Jj~() ^vith o{)rn!.s]iouding changes in the formulae. If there 
is no capacity in the circuit, we must not assume C equal 
to zero; for u (snulenser with zero capacity means an 
open circuit. We must instead simply remove the term 
1 

• — . It is interesting to note that this comes to tlio same 
Cm 

result as if the (!a[)a(!ity had heconio infinite; in wliich 
case a finite charge (time integral of the current) would 
not cause an appreciable jiotential difference hctween con- 
denser terminals. That is, the condenser will not inter- 
pose any direct or counter e.m.f. in the circuit. 

§ 2(). The problem of series circuits with more than one 
e.m.f., resistance, inductance, and capacity is to bo solved 

by using ilL’i, '^Lm, and in place of the 

Cm 

single quantities. 

The problem of divided circuits is treated in an anal- 
ogous way to the divided circuit problem (§§ 23, 21), whicili 

wo have already considered, by Hubstitutiug iu 

C iM 

place of Lim for the first branch aiul sulistituting cor- 
responding expressions for L 2 {o, otc., in tlio other branches. 
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USE OF A SYMMETRICAL PAIR OF TRIANGLES 

§27. To ropiusouli I.Iks iMU.f. hy a pair of uniform cir- 
cular motioim, in l.ornw of (Ih! curnml., rosisl.aiico, ami 
ronctanco, iw ox])rc.sso(l l)y U>o (apinl iiui 

-;y[(A’ t •"> I (A’ jIj<o)£- •/(«''- 9)]^ 

/i 



wo may niako uh( 5 of l.wo LriiuiKli^H rovolviui!; in <ipposil;ii 
seuao wifcli angular voUxufmH ot ami alwayn Hymimi(,ri<!al 
with roapoct to the horizontal lino (I''if,';. 13). VVliilo tlha 
mode of roproHonting a ainiplo harnnniio ([uantity is (uun- 
pletc and luia no parts t(t ho rojootod, it ia ludihnitly too 
complicated for general acceptaneo and uati l)y ojigliuiors, 
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PRODUCT OF TWO HARMONIC QUANTITIES 

§ 28. Lot m now conHitlor tho product of luirinonic 
qimntitioH iind in piirticuliir tho power of lui oUH;tri(! cir- 
cuit, tho product of current and oloctroinotivo forc.(\ It 
will bo Hooji in fj;onoral that tho i)roduct of two Kiinplo 
luirinonic quantities is not simple harmonic, hut compowul 
harmonic. In the particular case of groate.st interest to us, 
that is electric power, tlie product may lie n^solvial into a 
constant plus a simph^ liarmonic ipuintity of double fre- 
quency. It lias l)(5en shown (Mirlau* that if two complex 
expressions be multiplied, tlie iiroduct will l)o complex. 
For example the product of 

A “ (cos 0 -|-/ sin 0)R and Ji (cos (/> -|-/ sin </>)>S' 
is 

/I . /)’ tr, (cos (O-l-ij)) -\' j sin (0 

In general the rule of multipliinition is as follows: The 
product has a magnitude eipuil to the pnxluct of tho mag- 
nitudes of the factors, and makers an angle with the axis 
of reals equal to the sum of the angles made liy the factors 
with that axis. If tho factors are uniform circular in 
form and functions of the time I and angular velocities 
and 0)2 as follows: 

/l~ '(coH o>it-[' j sin 
(cos (o^t -l- j sin 

ao 
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the product is 

A -T?— (cos (wi -hM 2 )t-\-j sin (wi -h ’-S', 

a result which indicates tliat tlic prodiuit Ims a inagnitudo 
equal to tlio proiluct of tlio lunguitiidos of tho factors and 
an angular velocity equal to tlie sum of those of the factors. 
If (oi equals ( 02 , tho product lias an angular velocity twice 
as great as the factors. 

§ 29. For tho sake of a i'cdudio ad ulmmlwm let us 
a.ssumo that tho power of an electric circuit may bo obtained 
from such a product of two uniform circular oxpr{ 5 ssions 
for current and e.m.f. as follows: 

I = (cos {lol—O) -[■/ sin {(ot— 0))ly 

(cos j sin (ol)K, 
and 

El - (cos (2 w/ - 0) 4- / sin (2(ol ~ 0) ) El, 

Tho product El is a uniform circular quantity of double 
frequency, as shown by tho factor {'2(ol~0), and has an 
average value zero for its projection on the axis of reals. 
This product evidently is not power, for tho p()W{n’ of an 
electric circuit has in general an average value dilToront 
from zero. 


POWER IN SIMPLE CIRCUITS 


§ 80. Let us now take tho similar fllmplo harmonic 
expressions for cumiiit and e.m.f. iu terms of effective 
values of 1 and A’: 


i = cos ((ol -- 0) f («/('"<•"• j ( 

e^V2E cos (ol~- e- /«*) , 
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By multiplication we obtain tho power p, with avcrao-e 
value Pj ® 

p = ci~2PI cos cot' Goa {(ot—O) 

El . 

^El[coii0-\-GOH C2(ol~0)]==P-\-EI cos (2(ol~~0), 

P 

p ^1- „ ^^2(ol — 0 ) . 

cos 0 ' 

Tliis oxj)ression shows that tlio iustantaneous value of 
tlio power is e(iual to a constant plus a simple har- 
monic (luantity of twice the frequency 

of tho curinnt and the o.m.f. This may bo expressed in 
ciicuhu fonn piovitled tho origin O' be taken eccentric 
to the circle. 



iho diagram (Fig. 14) oxpros.soH tho power in circular 
foim. Iho instantaneous valuoj p, of tho power is expressed 
by tho distance and sense of O'Q, Tho maximum value 
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of tlio poAVor i.s O'Qi, iuhI n)iiiiin\uii maxi- 

mum) in O'Qn^ Ah P (muiikiI; Ik? jfr(?iil,(?r Mum AY, uiul mar 
only ('(pml AY wlion 0 in z(?fn, Mu? poiiil, O' miiHi, not bo 
>oxl;(?rior to M>o cirulc?. 'I’lu? (iiniular bu'iimlii Ih um followa: 

,/;=.:/«.|.[7(;/|: :y*.|-(„0H {'Jtod- (f) | yniu (LW-Y/))AY, 

■wlioro P (l(?U(?t('H au mrulrir. imifonn (iiiKMiliir (piiiiitity 
mutio up of a <?ouH(.iinl, P loul tiu? roncnilric uniform cir- 
cular (juaiitity I AY]. 

§IM. It in ini.(?r<'Hl,in;ji; to Mt?(? how Dr. Si.i?uim(?tz by 
intro(lu(?in|^ an arbitrary mt?MuKi of imiltiplir.aMou is abh? 
to obtain the aNM?ra^o vahu? (?f tlu? pow(?r from tlu? (tircular 
formula? ((!(mc(?ntri(!) bn- A' nitd A Ih? uayn 

'AKor tlu? (loubh? fr<iqiu?u<?y vcc.tt??' l\ /••’ = | |, or 
IKiO” r(?tation ami /XD / ami IX/ ' /. 'I'luit w, 

multipti(?ation by / n?v<?rn(?M tlu? , . . 

Applyin;-- liis ruh? wo (?btain tlu? ?*orr(?(?t r??Hult a.s Ibllowa; 
7'X • ((!oH (id \ j win ad) A’, 

/-•(c(?a {(ot—O) I / !4iii (ud 0))l, 

Ph~ -[mH ad’V.OH {id-~0) •i Hiii (id alii {dd 0) 

wA<?oh {(id- ■0) -rm dY-uIn (wA • t/))'|AY, 

'"[coH (h\- j Hill //JAY. 

Till) real component of tlin pro(lu(?t AY Ih tlu? pow(?r 
■AY coH // (av(?raji;o vahu?), the inia^dnnry componoiit ia tho 
Ho-callcd wattloHH (?om|)oiu?nt of Mio power I'Jl ain // in 
nui/i[nitii(lc. 

It may la? urf^ial in obj(?ctiou to tluN mothnil of obtaining 
power, that while the ri?al part of tho product ia tho 
average value of the pow(?r, we muHt take tlu? wlioh? nuig- 

'Stoluniolx, AUonutlmj /,'io’mii Plumnuii-m, Hil I'tlUion p, ir?l. 
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nitiide of tlie factors for effective values of the e.mi. and 
ciu-rcMit, and tlie real parts of tlicse factors must be muh 

tiplied by V'Z to give the instantauoous values of these 
quantities. 

§ 32. Another arbiti'ary method of combining o.m.f. and 
current to obtain power is a.s follows: Let the c.m.f. and 
current be ixipi-esojited in effective value by the magnitudes 
of the complex quantities, 


PJ == A'[ d'/A’a — ((!oa col '\~j sin cot) lH, 


/=^/id-j72 "“(<•<>« (col~0)~\-j sin {col—0))I. 


of 

Ih 

E 


We know from previous })roof that tlie average value 

E 

tlie ])ower is P^PJIv.ohO, also that = 

ii 

=^=^siiw»>/, Y^^v,cm {(ot—0), -"- = sin (cot—O) and that 


cos fb“Cos (col) cos (col~~0) -I- sin wLsiii {col~0). 
It therefore follows tliat 


EJi — ('OS 0 (a constant). 

As El COS 0 has a constant value, although A?i, A’ 2 , 
1\ and /o are all variables, it is evident that we sliall obtain 
the correct result for average value of the power if wo 
take the values of these variables at any one time. 

We therefore have as an arbitrary rule to obtain the 
average value of the power: multiply the real parts of 
e.rn.f. and current, and the imaginary parts, ignoring the 
j- and aild the products. 

Thus 


P^Eih^\~E2h. 
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If a miiUKs sign is oxpr<5HS(}(l iti oiu^ of iho fjuitors ifc must 
not 1)0 ignored. For oxiiini)lo if wo Imvo 


tlion 




If WO have a (droiiit inoliiding a motor whoso o m f m 
general opposes the eiirronl;, wo Inivo for oxiuiiplo 

a;.. 

l-JrHh, 

A-,/, .|. A',/,, 

If wo liavo two minus sign.s they must l.oth ho iviianlod 
for oxainplo ' ' 

I-h-ih, 

otc. 

It is ovident that the above oxainplo.s are nob oxamnlos 
of real multiplication of ourront and o.m.f. 'PIku- 
merely the oximMieii ef a nile f,,,- (i,„|i„f; ..vee-aw. .lawei- 

vvlioro tlLO c.m.f. (m<l ouneut ar.^ km.wii iu luaKiiiHide and 
phase relation. 

§33. The above proeesH is not (‘asily rovoi-Hod; for if 

A’l/i ■I'A'a/a, 

and supposing h and h Iniown, it is ovident tiiat there 
vll Tf irV"', “"■■■‘'Hix-mlmf? 
values of A, and Aj can only l,o f„„ml whan uu.ro data 
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aro given. It sirfFieos wlien 0 is known. We have had 
the known relation P^El eos 0, and it may bo shown that 

7,' //i — ^abin/? 



and 

In these formiihe 0 is tlie angle of lag of the current 
behind the o.m.f. If 0 is taken ns the angle of lead, the 
terms involving tan 0 must lui altered accordingly. 

It is on th() whole more satisfac.tory to use another 
method and lind directly from the relation.^, 

P- 747 cos/?, 

and 

7 — /(c(hs (w/— /?) d'j sin ((ol—O)), 

tlio result, 

■ I P 

,, (cos (oPhj sin od). 

I (M)S 0 


POWER IN CIRCUITS OF MORE THAN ONE PHASE 

§ 84. Tho power in circuits of mom than one phase 
may be obtained l)y simph^ addition, whether we are 
dealing with instantaiuious or av<n-age valiuis. An inter- 
esting case is tluit of balamaal (iinuiits having two, thrcu) 
or more phases; for in every case of circuits of more than 
on(} phase the j)Ower is constant dining tho whole lyido 
if all tlie currontH and o.m.f. 's of the various phases liave 
Ofpial effective values rospiiotivoly, and if tho phaso dif- 

8 { 10 ° 

forences from each to the next einials • — , where n is tho 

71 

number of phases, ’^riio two-plmso (urcuit follows tho 
same rule, though it duos not come under tho above 
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•K) 


Htiitoumiit of (lilTon'iioo; f,,,* iti it wo Juivo ono iiit.M- 
vul (,f ,m,l 1.1,0 Iio.vt 'jai- “ 


BALANCED TWO-PHASE CIUCUIT 

§.•«. ]„a m l,„ko (.1,0 

, l“''v<T al, ,u,,v 

-'a'il', "-ill. aiiMi.lo 0 f 

iukI (iUiTout M 

/>= ■ A7((u>s /Li COM (:Uot /y)). 

If Urn o.„,,f. i„ 

(.KCUll, l„iv„ 1,1,0 on,.„|.|VO v„l,l,», „.s il, |„n 

llluiHO dim„-o„00 ,.r (.1,0 of 1,1,0 

luwo „ |,l,„.so .lilfo,.,,.,,,, of ,,, |,o,,„„oo |,o,,o,. io „ 
t«a|,,,,,i,,v Wo (.|,o,.,,r,„,, „|,„|| |,„oo r„,. „ I 

?> 2 , flu) powiM- of (.l>o two 

pr - A7(n)H 0 I Cdvt ('Mot ••(/)), 

V-J - = A’ / (r.t )S 0 . - c, )H (Mot - 0 ) ) 
and ' 

(), , (U.natant). 

BALANCED TIIIU^E-PIIASI? CIRCUIT 

§ do. For a lailaiiood thnuj-idia.so oinaiit wo aludl Juivo, 
if tho pluiHO intorvnlH aro — 

Vi A7((!08 0 ■[• mu ('Mol‘- 0 )), 

P2 ^ A7 (com 0 •! • oos (;MoI --0 I- ij tt)) 

'^^ A7((!OH/9n-ooM 

Vil ^ hi ((!OH 0 -h (II )M (:>Ml .™ 0 1 . 3 tt) ) 

and (;2(ol 0 -p jj^r) ) , 


?^=?>i'l-?)2-l-p3-:37{’/coaJ?-i>. 
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It is evident tliat the variable parts of p aniuil ono 
anothei, foi they niaj*' l.)e rc])i’eseiited as tlio ])rnjectioris 
of tlu3 tliieo sitles ol an cKjiiilatoral triani^iej eaeli side 
equal to El in magnitude and tlie first side maldirg an 
angle with the line on wliieh tl»ey are projected Oiiiial to 
2o)l~0. It is well known tliat the sum of the projections 
of the sides of any closed polygon is zero. This relation 
is illu.strated by the diagram (Fig, 15). 



BALANCED FOUR-PHASE CIRCUIT 

§ 87. The four-phaso case is, in a similar way, shown 
to have constant ])ower. Or it may lie looked ujion as two 
pairs of balaiuied two-phase, each jiair as shown aliove 
liaving constant iiowta. Therefore the siun of all four has 
constant i:)owei‘. 
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BALANCED SIX-PHASE CIRCUIT 

§38. Tho six-pliiiws (jjih(5 in (jvidoiitly /i cii.so of two 
balanced tJiroo-phufjo HyKtonw. The vari'ablo jnirt niny bo 
represontod by tho projcictioiiH of tlu, widos of an (xpiilutond 
tnanglo oacli boing taken twice. TJio power of tho ourta 
and tho wliolo are ^ 

Pi - 7i7(()oa <!OH (2(ol~~0)), 

pi~ y47(cos <?-|-cos /j;rr)), 

P.i-7?/((!os f?-!- COM f i{7r)), 

p-l ^El (co.H 0 -I • (! 0 .s - 0 I ■ 2;:)) . , 

Pfr-y!//(c0H/?-|-(.!0.s (2wf~fy |- Htt)) :po, 
p,( - lU (COH 0-V CO.S {'lod - P -I - V'vr) ) . p;,, 

V^'-Vi 'l'?>a-l'p;i*|-p.i-l prrl-p(i-0A7 (!o.s O^-.p^ 

BALANCED POLYPHASE CIRCUITS IN GENERAL 

§39, If thorn am an odd Tuimlair of pha.s(!.s, more than 
tliroo, till) variabhi part of this powin- in n^ijn'.sotitod by 



tho projections of tho linoa of a Htar-aliapod diagram which 
18 m all cnaea a cloaial (Ij^um with a total of jiero for tho 
pvojoc^iona. Tho rivo-pha.so caso will Hiidice for illu.stra- 
ion ( 'ig. 10). I'or five phuHOH tlio progroflsivo interval 
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is = for current and e.mi. and •^•;r=144<’ for the 
variable part of tlio power. The power of the various 
phases and tlio total are as follows: 

7^1 = KI ((H)s 0 -I- cos —/?)), 

7>2= /?/((!0S 1?-|-cos (2w/~f^l-|7r)), 

7 J;) = E I (cos 0 -I- (H)H ('2(0l - 0 -v Itt) ) 

-=y^/(cos d-hcos (2w/-d-^7r)), 
%U - El (cos 0 -1- cos (2 ~ 0 -1- i^tt) ) 

= E I ((ios 0 -I- cos {2iol - 0 -I- |;r) ) , 

7)5 = 7^/(cos d-l-cos {2(oL~ 0 ~V 

== El (cos oos {2(oL— 0—in)), 

V^Vi 4- ?)- -I- V'A 4' V\ -I- 7>fi -- h/i'/ cos 0 ^ P. 

Tlio occcntrii! (u’nuilar diagram for tho power of a 
balanced polyiihaso system of n iihases reduces evidently 



to a horizontal lino of length nEI cos 0 and a closed regular 

polygon of ~ sides with each side taken twice if n is oven 

or a regular star of n sides if n is odd. Tho diagram (Fig. 
17) illustrato.s an olght-phnso balanced system, in which 
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tho^ iiisUiiil.JUKHUiH j)ow(*r in a (;onn(;iin(; qujniti(;y P, 
variiihio pad. o| l.lm powaa* of (mm'Ii .sopanil.o plmno in Ukj 
pmji-atioii of I, ho (loiTonpoinlinM' sitio of flat n.jujircj 
boiii/j; l.akoii |.\vi(n! as itiditaiicMl. ’ 

111 tho saino way |.li,> <11,,;., ■am (l-’if.-. IS) n-p)-,.nonl;s tho 
])owor ol a /ivaqiliaso balaiuaid .sysfom. As Ix'foj’o tin* 



I'lo. IS. 


insl;ni.l«iu.|„i.s i.ovvi.r Im i.],,, v„,i„|,|„ 

part .il piiw,,,. Ilf |,||„ „,.|,|||.|,f„ |,|„|.i,,,, |„,i||,, |■,,p|,,„|,,|^,,|| 
by tho proji'otioiis of |,ho linos of tho livo-poinl.od star. 

UNBALANCKD POLYPHASK CIRCUITS 

§40. Whilo ill ^onoral wo oxpoot tho powor fo bo coii- 
Htaiit only m Imlanood HymitK-trioal polyphaso (or two- or 



throo-plmso) Rystonia, it is ovidont tlmb 
havo constiint jjowor if tho oooontrio 


any ayatoin will 
oiroular diii/^runi 
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gives ii closed figure for tho variable parts of the separate 
phases. As a rule iinbalaiicod polyphase systems do not 
g-ivo a clo.sed figure for the variable parts of the eccentric 
circular diagram. 

'J'ho diagram (Fig. 19) illustrate.s the power of an un- 
balanced three-phase sj^stom for Avhich P, the average 
value of the j)ower, is represented by 00 \, 

The nuixiuium value of p is OOg and the minimum 
is OO 3 . 
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NON-HARMONIC CURRKNTvS 

§ 41. Tho inoUiod of rdvoIvitiA’ Iimh in(,on‘H(ihi^- 

applionfcioAH to (uiw^s of onmintH wliioli nro not luynuniu! 
in tlio Ktrict hcmjho ol tlio word. Tlio onHiJM wliiidi wo hIuiII 
horo iuvoHl,if!:ii(;o aro, y/r.s/, tlio iwolllntory di.s(diur/i;<i of 
doiiHor, ifc.s lum-iwoilliil.ory (li.Mc.imrj.-,o and ihml, tho 

cuiToiit followiiifj; tho closinf!; of a dirouit in winch th<^ o.in.f. 
ia simple liarnumic. In tlii.s liwt ease it is well known that 
tho ouiTont is not hnrnionic, Init a.n time j.*oo.h on approacho.s 
more and more nearly to harmonic valuc.s. 


OSCILLATORY DISCHARGE OF A CONDENSER 

§ 42. First lot u.s consider tho oscillatory dischar/^o of 
a ooiulonaer. Lot tlio capacity of the condonHor ho ropro- 
sentod by 0, tho o.m.f. to which it is chari^iod Iiy A’,, when 
tho circuit is about to ho clo.sod, ami by c at later tinios. 
Let tho current be mdicatod liy the resistauco of the 
circuiUiy 7i’ and tho inductance by L. It will ho assumed 
that a, H, and L are all constants. Wo shall have iw 
tho form of Ohm’s law applicable to varialilo conditionH 


or 




/)3 
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Differontiatiiig thiH expression wo have, 
t;Iio ttn-ins 




after rearranging 


Tills eiiuation has two Koliitions, each of the form 

i~ J\,£~ 

wl 1(0-0 K. and (v arci conatunts to bn clotormined. The con- 
stant K (h^pends on JCo, as will be shown later, and cannot 
be found from th(^ differential (uiuation in its latter form. 
'Hie values of e: ar(^, howcwer, to be found; for substituting 
i — we obtain 

- (t/iTM- J ) / 6 0 . 

Wo shall assume that the current t, wliich equals K£~"\ 
i.s not /-oro in genei-al. Wo theroforo have 



'!l. 1 io general solution for i may include both values for 
(r and difl’oront values for K which wo shall designate by 
/Cl and /Cg. Tho equation for the current is tlion 
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IMOVOhVINd VKCTOHS 


Ah i(. in (iv it hint that iit tha tiiiui i of closing tlio c,^. 
/- ■(} ami < • =0j wo shall liavo ( luii’t'l'orii 

0= A'l i A'm, or !\\ 
and 




If o'l and O':! arc nial (|naiil l( ios, an iiivcHtlgatio] 
this cfumtion will show that Iha current will start , 
value zero, iis<i to a. maxinniin, anti fall ttlV later to sinj 
aiul smaller values without itiversal of sign, and Ixit,. 
/,<iro tirily aftei- an inlinitti tinio has elapsed. 'I’liis e.ondi 
is expressed hy the inetpiality /i!''A'>dA. If on the {y, 
hand Vt’-'t '<•!//, it is evident that ui and ai-e coiuj 
(luantities as follows: 


/.' , . irj \L 

i If 



If .if.j \h 

, If 

A/;' 

1 . 


wlierti we have writltm 


If. 

'dL 





Converting the exponentials witli imaginary indhies 
sine and cosinti teriiis, and reinenihering that in this 
tieiihir case tlm eurnmt must lai zero wlntii t is zero 
have 


Ke 


sin /U ■ l\6 



Tlio period tif tlie oseillatitm of tlin (li.selmrge (or 
rout) in 



()S(.;iI.I.A'r().UY ])l.SCUAltCUi OF A CONDENSER 


Tf 7 i’" LS Ktiuill 111 (ionipuriHoii with -j^} tho period is 

o 

T— 'Jk \OjC (ii] ipi'oxi mutely) . 

Witli larffor vnlues of R the period is increased until 
wlien R e( pi tils 2 , i tho period heeomes infiuito. If 
^1 f 

is f!;reutei' tluui — discilmrge is aperiodic (without a 

period), eorrespondiiif!,' to tlui earlier formula. 

Lcit us now iiive.stigute c, the e.m.f. which equals tho 
|)otential difference lietwcam condenser terminals. Wo liavo 
the ritlatiou 

, r<li 


(Substituting' tho value of i as j^iven above, we have 


c-Tve 


H . 


R sin {H H • />/? cos /9/ — sin 




sin 1 cos/?/ . 


Writiuf^, to simplify the (ixpre.ssion, tain)— 1, 
we have 


l /‘ i . 


sin (/9Z-f-f?), 


As on closiu/j; the circuit (Lo., i~0) wo had Rq^c, wo 
obtain as tho value of tlio constant /v, 



^ 2/^o \/C'__ 
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liEVOLVINC; VECTOKS 


and 



F 

If IH Hinnll in coniparisoii with , Llio cui’ront for early 
oscillations is 



(approximately) . 


Tlio maximum value of tlio curi'c'iit (complete expres- 
sion) occurs in less than oiuwiuarter of a period after 
closing the circuit, at a time when 



as may bo shown by putting e(|ual to zero. Tlio mini- 
mum value of i occurs half a period later, when tho sino 
equals— — a result also of tho Hanie equation, 0. 


Using the notation of I’otating ve(!torHwo nniy express 
e and i as tho real part of two oxi)()nential spirals .PJ and I 

s s 

ns follows: 


, Vi/WSC 


> ‘•/‘Ih-I&G 
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Tho ohiirgc of tho condonsor is ovidcntly 


q^cC 


,1?<L 


m 

'ZL 






U’his iTUiy 1)0 written as tho real part of tlio exponential 
spiral 


0- 


(/’<•'- ‘>“i) 


§ 43. Tlio roHidts for i, e, and q might l)avo l)Oon doduood 
in tlio form of tho difforonco of two exponential spirals, 
directly from tho solution, 

for if a'l and o-o are complex both /vie"*'*' and are 

exponential spirals. II the result is to be real at every 
instant, it is evidetd, that the imaginary parts of both spirals 
must 1)0 e()ual, while the real parts must be eijual in mag“ 
nitude Init of opposite sign. It is evident that both spirals 
must start for f-O at a point for which the real values 
lire Koro. To satisfy this condition Ky must bo a i)iiro 
imaginary. As wo shall prefer to keep the constant real, 
wo may roach the sumo result by changing tho phase of 

the si)irals by an angle .Uomomboring that and 

wo may write i us the mn of two exponential 

•spirals, or 

“ r.^ i I } 

- 4 ‘ £ •'/ t 

whore K is tho magnitude of the pure imaginary Ki as 
exjrlainod above. 



REVOLVING VECTORS 


5S 


Substituting tlio value of i in the equation for e, 




wo obtain 




or 



-rtl/ -I;- 



Writing ns bofora 

and romoniljcring tlnit wo liuvo 


after rearranging the terms, 



At the tiin(5 of closing the circuit (i.e., i^^0),wo had a-,/!/,, 
tlioroforo ’ 






> 


or 


i^=2/C^§cos(,T-|)-2/C,J§ 


and 


sin (1-=^ 
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Siil)8tituting the value of K in fcho carlicir forrnulsc, wo 
have 


i 


\/4L-W(f 

\/4L-Wd^ 


HI 

•ih 

m 

lih 





and 



The charge of tlui condouaor haa a Himilai-forinula, derived 
from the relation, q — eC. It i.s unnecesHary to write it 
out in full. 

The exponential apirala for eacli case may ho ])lotted 
in polar coordinutea, and will ho aeon to he in all n^specta 
e((ual •except that oiui is right haiuled and the other loft 
handed. The epoch angles for the starting point.s aro 
indicated in the exponent. 


NON-OSCILLATORY DISCHARGE OF A CONDENSER 

§ 44. It has hoen .shown ahove, §§ 42 and 42, that the 
condition, li?C correaponda to an o.scillatory dtschargo 
of the (londcnsor. If, on the other liand, we have e' " 
yiV“C>4I/ or 7il2C”4/j, then the discharge will he 
oscillatory. 

Tlic general solution 


f :" 7 v ( s ""'^— £“""20 J 



GO 


llEVOLVING VliCTORS 


in whi(5lv «! and na I'oal, corresponds to the condition 
RK!>‘[fj] Imt becomes imlctorminato if UKJ=^-4L, or 
fij—a'a. In this latter case wo must resort to the par- 
ticular solution, 

(A'l d- /vaOs™"'- 


It'irst, let us consider the general solution. At the time 
of closing the circuit, wo have 

'dt ' 




or 


dl 

lO 


Mv(na~oi), 




,/Ao:a— <ti)* 

Substituting the values of <vi and oa, § d2, we have 
mJPJi) 


! r,' 

1 h' Ul 

'.....•‘./A 

u-i-y' 

•2i/\ 

f 'imj 


If lirC~--4L, WO have from the particular solution 

K I — 0 and 7v 2 
giving as a final result 

jj 


PHENOMENA OBSERVED ON CI.OSING THE CIRCUIT, 
STARTING TERM 

§ 45, liOt us now consider the expression for tlio cur- 
rent in a circuit which has just lieim chmed, the o.m.f. 
being simple harmonic. As is well known, the current 
will not beiionio harmonic at oiuio, ovwv tliough tlu^ elec- 
tromotive force is precisely harmonic. The divergence 
from harmonic values is oxpressiid in the equation for 
the current by a so-called “ starting term.” Lot us con- 
sider a circuit of constant resistance R, inductance L, 
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capacity C (all in series) and a simple harmonic e.m.f. e, 
equal to E ms ojt. Wc have as the expression for Olim’s 
law extended to variable e.m.f. 

Q — ]'j cos iol = Hi 'I- H ^ 4- idt — “I" ^ • 

It is well known that in such a circuit the current 
eventually will follow a simple harmonic law. Indicating 
the starting term by (J)!, (fj being a function of the time 
i and I being the maximum value of the current after the 
harmonic condition is reached, wo have 


^ ^ 0) 9 )) — ijj}, 

‘2i * 

Let us substitute the value of i in the previous equation. 
\Vo obtaih 

-I- +J I - [«lf' + 

The coiastant of integration is reserved for the last 
term. As no particular values have been assumed for 

. - , /I T 

I or Of it is evident that if we write tan 0— 

we shall have 

Ti' 

and thoroforo 



02 


KliVOLVINCJ vi^crroits 


DilTui'ontiuting tho luat equation tuul tlivitliug by L 
wo liavo ^ 

n <lil> Vi 

' L (U ' cl/ 

Wo luiv{5 (ilniluly found tlio solution of an (!<|uatioii of 
this form (§ 42). If 'I7v> wo may wriUs at oiuui 


AV ' .//i*/ 



1 -in 

\ " 

2A / (u/ 

/V ‘ ■ 

1 .-’L 




whom /valid am both ri^al quantith'H. 'I'hia i.s oquivalout 
to dropping tho y from tlio oxproHsion and giving tho oxpo- 
nontinlH in (.ho brnokot diffomnt factor.s fvj and /vi. If 
tho Iatt(!r moilo of (^xprossion wio'i^ u.si'd, /vi and IC^ would 
in gonoral lu! found l.o bo oomplox oon.stnnls. 

If A!“(/'>4/j tho Holutiou fiir (/' ('ako.s tho form 



wliich wo ahnll diaoiWH lator in § 4S. 

§ 40. To dotcn’inino tho valuo.H of K and y, wo mu.st 
know tho condition of tho (iirc.ult at tho linni it in oloaod. 
Aa wo liavo alroady aHSumod in our formula for tho (doc- 
tromotivo force that c is at its largi^st vnliio whon 
or any numlior of compJoto jHiriods lator, wo cannot in 
fairnoss assumo that tho tinio of closing tlio circuit is 
nocoHsarily tho Hamo, J^ot im thon take tho time of closing 
tho circuit to bo /(), Lot us assumo that tho condonsor was 
already charged to a jiotontial /i’o wlion jnit in circuit. 
Wo thcroforo have tho conditions that 


/“O and 


cos wfo- 


at tho tiino, U), of closing 
the circuit. 
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Indlcsating V)y ^(>0 the value of when t=iQ, we evidently 
have from the relations al.)ove, 




and 

E cos Mil)- Ei)^L(ol eos^w/,,- - hi 


(II ^ 


or 


(lij* 

7/7 




Writing, as iii § 'i'2, 

[h 


hi 


U [47 

77\7W ' 


the e( Illation for the starting term, § 45, becomes 

i{{ 

ij) Ke -''\ *■ 4' e ■" ''^1 ‘^7' e «os {(It -l- y ) ; 
and when /--/o W' 

ntu 

cos (/l/o 4- r) ioAo-O ) . ^ 


We have also 


'il£ 

I (// ^ <0 


l{t II 


i^-cos (/?/„4-r)'i-/^»»^(/^^o-'-r) 

zjj J 


IJl 


From these e<iiuitions wo olitain 

E (“OS Oiln — Ej) -|- h(i)l sin (coIq — 0) 

tan {(llo '!• T") 'ijjj (w/o— 0) 2/?/j 



IIEVOLVING VEOTOHS 


CA 


aiul 


r-tuir-t i^olo-O) 7M , 

L t^lUo» (j[„l^y~0) 2pj\ ^^0 


fcnir 


1 / ~ ^) 




/ coa {coIq— 0) 
R 


iiiul 


%*/4/v 

2^ ^L^mj 


c().H (/?vi-)-) 


/iVa 


(’(^Wi-o.sw^-2AV|-lJ/>w/ 

' _ ^ —l{lv.m{(o(^^ — 0)) 

T'iL-W<;)i 


.sin {(oIq~0) 

t-cos=' (o)(„-0). 


DopDiulin^ on which nigii ia fcjikou for the H(iuaro root, 
K may l)o oithcr positive or negative. It is simpler to 
take tlio positive vahu?, in wliioh ease eos is j)()sitivo 

also. If, liowevor, the negative value of K is chosen, 
(!OH (/?/„ -|- ^') is negative, also, witli a cons(i<|uent ehango of 
7C ill the value of y. Ihe loriuula for y lias tlie correspond- 
ing aniluguity. 

It is possilile undm’ certain ciniuiustances for the current 
to ho hariuoiiic from the time of closing the circuit. In 
tins case tlio starting term liecomes zero, This reijuires 
tliat tlio circuit ho closed at tlie instant when (){)h{(oI~'0) 
is zeio, and that the initial potential difference between 
condenser terminals has the value 

P' 0 ^ PJ cos (OI 0 -I- hoi sin (w/()“ 0 ) . 

§ 47, (.{rapliically the current may lio represented by 
tlio resultant of four ixsvolving vectors made up of two 
pairs, I ho first pair consists of two uniform circular 
vectors, revolving in opposite directions with angular 
velocity (o and with equal magnitudes. The second pair 
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consists of two exponential spirals with angular velocities 
1 in opposite directions and witli equal 

maanitudes. ... . j i 

§ 48. If the resistance of the circuit is greater than oi 

equal to 2,^, the starting term loses its oscillatory char- 
acter, and the formula for ((> becomes in the former case 


where 


a\ == 


j? ]l I 4 /j , j I '}]:L 


and 




dl 


At the time, to, of closing the circuit, the current is 
zero and 


/i'-H ■=««» 


cos od{)— pH). 


Substitutiiig tho viiUi™ at tlio tinui (™/o, "'’t'ua 

0-/[coH 

E COB <ok-l':„^Ll[-a}mi (,<oh,-<>) -l-«iKi£""'“+« 2 K 2 = 

SubHtitutinfi ill thiH (Kiuiition tlio valuo fnim tj;” I’™™'"” 
equation of Ka«--'*-c<)a (<a/o-fl) 

have 

7? cos o)tn—l*jo~\-ljo}l sin (loto—O) 

L COB ««o cos (»(„-»)], 


GO 


KISVOLVING V]!:C1’(>US 


tuul 

COR ((o!n~ 0 ) 

(f‘l — O'ajA/ ^ ’ 

(<'>ft)-0)~<yi LI COR ((oto~0) 
(oi — i\2)l7l ) 

nod 


{iKC^a^U - 

cj/()-~ Aji h s ill {o}l\ )~0)~-(x\ hi COR {(ol{)~0) 

(n [ "-fio)/v/ ' 


~ «1 {l— /o) 
— nt!!« — /o)^ 


Jf IHHJ (HiualH -l /v, the H(,arLiiifi: Uvrm (.akcR a third form, 

_ni 

V^--(/V] •h/voOe"-^^, 

/\',^ and K^, am constaiilR (hipondiufi; on tho conditions 
lit tl»i time /„ of (doRiiij*- tho cinuiit. Midving tho saino 
aHHuniptionH as Iioforo, wo Rhall {ind that 


/vi = =£ 


and 

Uh 




'^>COR(o>/„--/y) 


\ hi 
-h <!OH ai/„™ PJ(^ 


—oj ain (iol^^~0)j 


LI. 


■ (0 ain (oj/y— /?) 


If tho curront is to la^ hannonio from tho tiino of cloaing 
tlio (drc.nit, ovhlontly \vi\ muat liavo in tlio laat two caaoa, 
aa ill tho lirat, § •1(5, 

OOa 

and 

Lq---]'] vm Ml^y \'L^oI ain (w/y— (?), 
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GENERAL REMARKS 

§ 40. It \h ovideiit tvlso tluit tlic8o results for tlio oscil- 
latory discluii'f^o of a coiideiisor ivnd for tlio curreut with 
simple liarmouio c.iu.f. when the sturtiiig toriu is oscilhitory, 
might bo expressed us the real i)art of an (ixponential 
spiral for the first case, and as the real part of the sum 
of a uniform circular (piautity and an exponential spiral 
for tlio .second. 

For the oscillatory discharge we shall have 


-t = roal part 


yiL-m; 
V4L-U-C 


c=real part 

and for the current when the e.m.f. is simphi liJirinouic, 


2 ==. real part[/ ] 

In general the angular v(?lo(;ity /? of the spiral will bo 
difforeiit from the angular viilocity w of tho uniform cir- 
cular component. 

If [j is a whole multiiile of lo, or even nearly so, o.scil- 
latory surging of the current of corresponding fro(iuency 
will ()C(!ur if tho o.m.f. has a harmonic of that frequency. 



(;TrAP'jM':ii vit 

COMPOUND HARMONIC CURRENT, E.M.F, AND 
POWER 

§ 50. Poriodio <:urr(!iil;H (or (ihMilii-oinolivo foriiOH) whioh 
do not follow minido hiinnoni(! laws may ho i'(i|)n?soutod by 
moans of revolving vtiotoPH. Tlio nawt ovidont way of 
roproHonting hucIi a c.ui-innt ia l)y tlio projootion of a lino 
whoso longth (apud.s tlio maximum valuo of tlio ourront, 
tho sign not being oonsidorod. Tho angular volooity of 
rotation may bo variod as ro([uirod, at tiiiio.s if iiooii.s.sary 
boing roduood to zoro or ovou rovor.sod in aoiiso. Suoii 
a motliod wliilo involving no roal diOioulty, wliou viowod 
from a puroly moolianioal Htandpoint, in faot iuvolvos 
oonnidorablo dillloulty wlion an attompt is iiiado to oxpross 
it in mathonmtical ByjiibolH. 


USE OE FOURIER SERIES 

§ 51, A liottor mothod in to rosolvo tlio ]ioriodio ( 011 ’“ 
rent into a mimlior of liarmonio toi-niM. Tlio poriodio 
ciirront, in other words, may lio oxpi'oasod as a Fourior 
8orio.s of tho form, 

coH ({ol-tJi) T\/27a cos {'^cot-ih) 

-IV 273 OUoL- (h) d-oto. -b V27„ ooh Quol- f)„) -boto. 

OS 


UHIi) Ol'’ F()U.IU13U SIOUIES 
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If j)roforr(Ml, tho iiiuy tako tlio ft)rin 

l-yli Hill col -\-A-i mil 2wM-/l;j sin 3<uf-|-otc. 

sin nwf-l-ctc., 

-hV/l <1(>S (0l \-}^2 COM '2(01-1- Ji‘,i COM ^(Ol -\-Gtl), 

-\-Jin Hin n(ot -|-Gtc. 

'rii<5 r(?ljil.ioiiH iiiuonfj: the coiiMtimts of tlio two oqnations 
ai'o ovident. M’lio lattin’ form of tho o((iiati()u has for our 
imrpoMOM lilth^ to c.oimnoiul it, and wo hIuiH not uso it, 
Tlio former form oxpniMMciH tlio current as a coiiKtaiit pluM 
tho Hum of tho projections of lineH of length V2/i, V 2 / 2 , 
V2/;i, etc., ot<!., where Ii, /a, I-.\, etc., Z„, etc., aro 

the ((ffoctivo vahieH of the coiniioneiitH of tho current. 

In general, currontM with which wo hIuiII deal may bo 
ropri'sented with Hidliciont approximation by a very limited 
number of tm'iim; and in most cases only the terina of 
odd onlor are prcHont in currentH of commercial circuits. 
The l'’ouri{!r series in Much cases reduces to 

v :\/2[/i cos (ei/. — fb) i'/sc.os (.‘haf — ib) 

-(-/r) (riwi—ilfi) Tetc.]. 


Hio coiiMtant term /« is only present in case tho average 
value of the current differs from zero. The ternw of oven 
oi'diu' are present if smaiossivo half waves dilfer in anything 
tint Hign, jiroper allowance being made for tho constant 
tei'in if present. 

It is ovident that tho resultant revolving vector, in 
cases of this kind, is represented by a lirokon lino, each 
part of whicii revolves with its own iiropor angular velocity 
{Similar nuithoda may lie used to express a periodic 
e.m.f. Using tho first form wo may write 

cos M-Ai)-hZ ?2 cos {‘iwf-Aa) 

■pA’a uoH Okol- A;0 -l-etc. H-A',, co.s (ncol-K) Toto.]. 
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U. in nn.siiin(!(l tlml. (Minxiiii, mul o.m.f. Iiiivo equal 
frcaiueneien. 

§ r»2. 'rii(i pewer (lev<^l()p(!(l in (.1 h 5 {•ireuil. in fiuiud by 
(.aliiii|i; the prodiicl. of <; and i. We liavi; in l.lu! [)rodu{jt 
!i nnnilKii' of Uiriun of the form, 

('on {/•(!>/ •- (7,.) t!OM . 

If we milwl.il.ul.e for l.lui.se (;()sino pmduel.s (-lunr otiual, 

fat )s ( (r I • f/) o)t. - (5,. - A,,) 1 • eon ({r ™ //) od ~ d,. • I • |, 

and remeinlxM' l.lial. the niim of a numlxu' of nim])l<^ liar- 
nionie (piaiititien of l;lie name fnaineiiey in anoUier nimplo 
liannonie (iiuuilrity of that name fre(|ueney, l.lio oxprennion 
for p redueen to 

2 eon (f^M- ^.) '1-7*1 eon {iot~fli) 

‘ -1-7*2 eoa (2(ol — fl^) t /*;! (Xin (.‘ba/, — /9;)) 

-l-ete, '|-.7*„ eon (nod — fi,,) l-ete. 


The average jiower in made up of the (xmstant tenon, 
for the va.riahle termn (ineludiiig all tenon fiuietionn of o)) 
have an average value /,ern. 'I'he average [lower /* in 


7*==^/<;„A,-i- 


eon (a „ A„) /qi A) ' I ■ /'< 1 7 1 eon (f>i^ 7»]) 

' •(' Ab/ynin (fM -A') l-ete. I /'Ai/,i(;on(t7„ -A„) Pete. 


If, an in geiuirally tnie of eommereial eireuitn, the e.ni.f. 
nn<l eurrent are ajiproxiiuately nimple liarmonii; and if 
the only hannoni(!s prenent are of odd order, the (oxprennion 
for average power will reduee to three or four tiiniiH whone 
num in (loiintant. The eoinpleto exiirennion, praetieally (!ou- 
nidered, will reduco fur the iuntautanooun power /> to 

p~7*-p7^2 (“Wf— //o) -p /'.i eon (baf— /?,]) 

-p7'o eon (tha/- -/Ai) Peto. 
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'^rhis Jiuiy )k! (^xpniHscul by an omaitnc revolving vector 
wliowi origin is (listanli frtmi tlu; center of rotation by an 
unionnii /’ 


POWER FACTOR 

§ r>:i. For tlui pow(!r factor of such a circuit to be unity, 
it is lUKM'ssary that tlui (surrent and e.m.f. curves be pre- 
eisedy similar, i.(\, the (uirnavt at every instant must l)e in 
tlu! same fixed proportion to tlie e.m.f. Mathematically 
(‘xpresse.d, this means that 


./'/() ; /() I J : /i o Ab [‘t K \\ : Tu 1 1 (?tc . ; \ 7?„ '.In o etc.. 


and that h-'h, etc., K-d,,, etc. Under 

all otluu' cinuimstanciis tlu? product of the effective values 
of eurr(uit and e.m.f. (/ uiul JC) will exceed the average 
pow<*r. 'Phis may lu! shown as follows: 

'Ph<! (‘ITeetive valu(^ I of the curi'ent, square root of moan 
H(juaro of is 

/ .. 7, « .f /a“d-7?d-ete^ = V 2 V; 

’ 0 


for as bi'fon^ in tlu^ ((Xpression for average power, the cross 
products involving tlillenuit frecpiencies add nothing to the 
final ri!Hult. 

In tlu! sam (5 way, the (effective value E of the e.m.f. is 







Ta*t iiH HUiqaise tlu! various (jomponents of the current 
to be in tho proportion 
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DEVOLVING VECTOH 8 


and those of the e.ni.f. 


PJ{) ; ./'J 1 1 /(/a 1 : e-tc!. 1 1 1 1 o' i ! /?i . ^ i . (d'C., 

and that all the individual pow(n* faetors are unity, i.c., 
= d| , Aa =rT2, Aa - ih, ete. We tluni lniv(^ 


/-/„VM-a^+/V^-i-r-hute., 

K == /i/o vh- 0 - 1 ^ ; 

/>=/i\,7,,(l--l-u(Vi-h./?/Vj-hrn-|-ote.), 

from which it follows tliat 


WP-P'^ 




-[lH-(v2a-,^+/9“/Vr*H-rTi"-hotc-. 

H- 2 <varh 2 -^,-|- 2 n'rh(!h!. 

+ 2aa' -|- 2a: a- 1 yy i ~\~ e t<! . 2/9 /-/ 1 yy i H- (d(; . ] . 


Canceling like plus and minus quantitii's and com) ail- 
ing the rtist, we have 


= («■ - «iF+ (i’-/ 50 ‘-'+ ()• ~ r ^ 

d-(a7q-aq^4“-hct(!.--h(/9?*i-"/9i;')'''-!-ut<!. 


As the right side of the equation is the sum of wiuares, 
it cannot bo negative, and oan he zero only if a' — aq, / 9 — /?j, 
^”^1, etc. Under all other circumstances we must have 
El greater than P. If the individual power factors are h'ss 
than unity, the value of P will he smaller still. We there- 
fore see that for the power factor of the effective luirrent 
to ho unity, tlie current and e.m.f. must have precisely 
similar form, 



POWER FACTOR 
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§ Cyl. It i« w(ill kiu)\vii that Ixystcresis modifies the form 
of tiu? (MirriMit (iurve, ho that it eamiot bo us a rule of the 
HUioe form uh Uie e.m.f. eurve. It is for this reason usually 
impoHsilile preeisiily to obtain unity power factor in the case 
of a synelironous motor whose field has been adjusted for 
maximum power factor; for no one field excitation can 
lirlnp; all instantaniious values of current and e.m.f. into a 
(umstaut ratio. 



CirAPTl'Mi Ylil 


INTERLINKED CIRCUITS, MUTUAL INDUCTION 

§ 55. MHuni two <iin-.uil;s uni linlvod l;o|f(il luir hy nu'iiiiu 
of tlio niHgiUitii! liuoH of lonui, diui t<i oufix'iitM in lioth oi 
(iitlu.il* (iiroiiit, wo muy oiworvo tlio jilutiuniu'iion (*1 
troniotiv(! forciis duo to luutiiul iiiduotautu*. I Iuh pluituuii" 
onou wiw limt ohuoiwod by JoHiipb I loiuy. 'I’lio pliononu'iMm 
of wilf iiuluotuucii wuH (li,‘^(!ov(!rod l>y Mioliiud hiniduy, wiio 
{ijtivo to tlui world tlu' invultiiiblii ooiuM^ptioii ol liiui.s 
of forcui to cxpluiii iiiductivii pliiiiitmu'iui, wimtlu'i* (diicti-io 
or uiiiguotic. ill oi'ipjiii. I*'iu'iidiiy was not u inutluuinitiiiid 
physiomt and his funioim riNsotinilioH with riiupoct to linos 
of foroo wore not iipprooiiitod until put into mathoiimtiiral 
lanKUii}i;o by Maxwiill. IJnfortuiuitoly for (Uir prosiiut 
(iloo.troiimgiuitio tnnninology, Maxwiill saw (it to lau! thii 
oxproHsioii liwiH of iiuluoUoii in plaoo oi I'araday a linos ol 
foroo which wo (lonuuonly nipriiaont by 0 (lor ( hti total 
flux) and B (for ihix ixii* unit ariiu). Maxwi*!! aiso un- 
fortuiiatoly gavo tho (ixjiro.ssion Um'a tfforro a now uuiauing, 
doiioting by it hold stniiigth, for whioh wti uso tho symlnil 
H (for unit aroa). Many writors by orror uu(i H to ropro- 
sent Eavaday's linos of foroo in olootroinotivo lonto lor- 
mulai. It is ovidont that ohaugo of ilux (B), not hold 
Htrougth (H), dotoriniiuiH tho induotivo olootroinotivo foroo. 
Such writors uso 0 to roprosout tho surfaoo inbigrals of 
H and B indilTorontly. Tho writor in company with many 
othoi'H favors holding to E’araday’H o.xprossiou linos of lorco 
to roprosout (lux (not hold strength) . 
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OUM»S LAW EXTENDED TO MUTUALLY INDUCTIVE 

CIRCUITS 


§ 5(). AYlu^n two (^Uujtrio (iii'ouitH aro interlinked by lines 
of for<‘e, wo liiivo a lunv tenn in the law of Ohm (extended 
(.<» variable e.oiiditionH). The expression for the clectro- 
nu»tiv<i fore<) ei impressed on the primary circuit, designated 
by the Hulwc.ripb J, becomes 

7 1 * I T I *■ rdto 


In this exi)r(!Hsion U[ and L[ are the resistance and self 
imhietanco of tlui jn-imary coil, ii is the current in the 
primary einmit, M is the mutual inductance between the 
two <urcui(rt and is the curnmt in the secondary circuit. 
The e.m.f. ju'oducetl in the secondary circuit, because of 

di 

ral.e of (duing(i in the primary circuit, is equal to — A/-^. 


If tia^ sec<uidary cinmit is closed and a current ia is produced, 
a. part (tf this e.m.f. is lost in ohmic drop of potential 


du 

vL/iL ami etectroniotiv(' force of self induction leaving 

avaiinbh' at tli<< {.(U'liiinalH the remainder ca, impre.ssed by 
the uec.ondary on its (rxtcfrnal circuit. Wo have then 


I : — /iL j.y • 

dl 


di-i 

*7u' 


'[’lie diffenmco in the form of the two equations is duo 
to tlie conventional agrcamient to consider the primary e.m.f. 
to be (tpplivd lo the jirimary, and the second e.m.f, to 
be apiillvd In/ the secondary. 

§ 57. The primary and secondary e.m.f. ’s may bo 
oxiire.ssed in t(U*ms of Fur<ida}/'» lines of force also. Calling 
the Ilux linking with the primary Vh, thivt linking with, the 
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iiEVOLViNc; vwrrou.s 


.so(!Oiidiiry f/jo, mid tlint Unking- willi bDlli, 

nunn vnhioH of (h, Hud (l> roHixMitivoly, and dosif’iiatinfi; 

l)y iV| and N-> tho tiiniH of wiro in ilio Uvo anils, wo shall 

luivo 

c-Kiii I 


a-!' 




(It" 




If tho primary and s<!aondary cinaiil-s W(n•<^ s<» <‘los(dy 
rolatod l;lial. f/>i all linos of Hun musl. link with 

ov(ay turn of both coils. Wliik^ in fattf. this is an inipos- 
siblo assumption, w«> do (iml it olosoly appnaiohod in j^ond 
comnaa'dial transfornua's with mod(M'n.to loads. 

§ OS. 'riio UKithod of r(tvolvin|^ Visitors may bo usiul 
to roprosont tho olootromotivti forotis, ourronfs and IIunos, 
Tho application is not dillioult if tlw\v follow hunnonio 
laws. If all aro simplo harmoni<!, wo aro doalini'; with an 
idoal transforinor. In tho oaso iif practical traiisforniors, 
wo lind that ovou if tho olootromotivo forcos ar<i simplo 
liarmonio, tho currouts and (lux(!s will billow inoro tioni- 
plicatod laws, 


FARADAY’S RING 

§ Ci\). Lot ns consiilor tho simplest form iif transformer, 
a Faraday rinii?. jSujiposo tho cor<i I mitt up of tluu slu'ots 
of oxtromoly soft iron iif hij[!;li pornaiability /t. We shall 
asHUino this pormoability to bo ciinstaiit lor all values of 
<!>, AYo shall also assnuu) tliat no (lux loaviw tho rin{.>', 
and that tho primary and siioouilary wiialin^iis have ('.\tromoly 
low rosi.Htaiuio, and aro so closji bi tho riuj.'' and so well 
intorniinKlod that no (lux exists outshlo tlio rinp:. Wo 
shall then hnvo nn ideal trnnsfoi’inor. Lei. tlm ooi'i? have 
a pormoability /i, mi avonigo length K and a orosH-snotion 
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A. Ah lK^f(n'<*, iir() pi’iinary and AFg secondary 

l.iirnu, and tlie i)riinary and wicondary currents arc ii and 
Let \iH (ii’Ht suppose zero, tlic condition of an 

open stMiondary circuit. The magnetic field has been 
supposed to satisfy the solenoidal coiuhtion, that all lines 
of held iid^ensity keep within the core, like water flowing 

in a pipe.* 'fhe magnetic reluctance of the core is 

'I'hu magiuitoinotive force is 

and it produces in tlie core a flux of lines of force (Faraday's) 

, 'l7rAhA/i'i) 


witli a Ilux ird.ensity ]K!r unit cross-section of the core, 


B 


/i ii 


K 


!It lias IxMin assumeil that the current is in C.G.S. units. 
If i\ is expressed in amperes, wo must write U)K in the 
)>luce of K in hotli equations. 

'.fhe inductive (dectromotive force duo to rate of change 

„f ll.ix is «» -/Vi'l’iii Ulo IH'iimiry, wwl 

in the secomlary. Wo tlierefore have 

/ ‘ ; 1 • A’ 1 11 ‘ I- - “;r secondary) , 

fi ' /hG I'A -n iG I ,ii V ^ 

and 

(open secondary). 

cj- • ,ii 

>T1». .«to.mVl mill .atmoM m (InriTcil trom «io Orcok 

wiml i«ll"' ">• 

of a (lux keeping willua its olmnaol. 
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IMOVOJ.VINCJ VJ'Xri’OlJ.S 


If th« Rocoiuliiry oiiTuit w cloned, </> will d( 5 pomI on 
both iiiitl 'ia, mul \V(! nlmll havo 


/. i /(/(/„ d(’( . ,, 


and 




l7r/Va/l/</ d/] , .. d/o' 






Tlio wnichmiouH r(ia(’.li(‘d aro valid only wlaai /< Ih eoiu 
Ktanb niid tlio Ilux noloiioidal, i.o., tli(M‘o i.s no loaknji!;u of 
(lux. 


CONCERNING LINES OF FORCE 

§ 00. To prove that it in Itux (l-'anulay ’h lino.n of fonjo), 
not field Ktrojigth (Maxwc'H'H liiu'S of force), which deter' 
ininoH olectroniodve fonio, we may <amsi(l(?r two trans- 
fonnerH Imilt with iiroiiinely Hiniilar diiiuuiMitiiiH, tladr (tidy 
din’enuico laiing that (»ne lam a wcdldaniinated Hoft iron 
core having a iMinruadalily aay dODI), the otlau- lutvini*- a 
wooden core of iiernuaibility I. J.jtt (he m'condaries ho 
connected to high-resiHbanm' voltnud;orn, luit ol.lau'wi.se have 
no load. Tlui Hecondary curnaitH are ne/digil)le. (.'onneel, 
the ])rnnarieH of tlte two traualoi'inerH in m'l'ica and apply 
an e.ni.f., whicli will caime full neeondai'y Vidt'iige in the 
former, 'riie Hecondary voltage of tla? latt(U' will’ la* 
of that of the former. The (uirnuits in the two iirinmrie.s 
are alike and they produce e(|UHl li(>ld Ht-iongth H in both 
coroH, If it wore rate of Held ntrength cduinge whicli 
dotermineH e.m.f., the traimforiiKa-H would have (apial 
secondary voltagctH. Wo find on the contrary tlud. tluj 
secondary voltages are in the ratio of the number of 
Faraday's lines of fonaj. From this we conclude that ilv 
IS B, not H, which determines (dectromotive force. 



lU’IMO OF THAN.SFOIIMATION 
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RATIO or TRANSFORMATION 
§ 01. W<! h1iow(h 1 ill § T)? that in a trniisforincr 


atul 




■\T 11 . 

S:::-. J\l ,, ... 

<ll 


For Kiimll (MiiTontH, U\ii and will bo Hinnll. If 
tboy limy ba n(ifj;lo(;t(al, mid if tlwii’i^ ia noji;ll{i;iblo loss of 
lliix, HO tlint w(^ may consldor (/)i and ij)^ o(|iial, wo obtain 
tbo approxitnato ratio 

If (•[ followH a nimphi hannoidc law, avo havo 


TC ♦ 

tj> ■■■■ <P COH {0)l-- ) HIM Oil, 


and luif-'Joc.tin}!: tlm oliinio drop 7»’iti and A^ai'a, wo almll have 


and 


(’1 > ■ V'JlE\ OOH od- ' N\lO 0 (lOH od, 

r.; s ' <MiH (od -r:) ■ '• -- N-tO)0 oos od‘, 


and (inally for the idoal ratio of . transformation of oloc- 
tromotivo forocH ((diVotivo valuos), wo hIuiU havo 


/<;, : AV, ; : iV, : 

In itraotical traimforniorH tlioro in always soino loss of 
l!u\ duo 1:0 ina).!:notic. loaka|i!;o, and H[ii and cannot 
bo nof^hiotial, I'or tiu^Ho rouHons tho mioondary oloctro- 
inotivo fon-o gonorally falls bolow its ideal value. 
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llKVOLVINCl VI'XrrOHM 


§ () 2 . Ill our idoal traiisfornusr wo have assumed tho 
core w(!ll laininatod and ol' very liigh p(^nm!al^iH^;3^ IE 
tlio siMiondary oircuil; is upon Elio jirinuuy will ro([uiro an 
(ixtfonu^ly siunll (airnmt to pi’oduco tlio noc^oHsaiy llux. 
Had tlio ooro not boon laiiunatc^il, caldy c.un’outs genoratod 
in tlui ooro would liav(! ro(|uii-<Ml nioro in-lniary ourrinit. 
Also bad tho [jormoability of tho ooro Ixuni low, a groator 
magnoti/.ing ournnit would luivii boon ro<(uiro(l. 

if tho .s(x;ondaiy is dedivoring a normal ourront, tho 
inagiKJtiziiig oll’oot of tho primary and scaiondaiy (uirrouts 
will praotioally offsiit ouo anotlus’; for it has lioon assuinod 
that owing to tho high p(*rin(aibility of tho ooro, voiy littlo 
niagnoti/ing ourront is r(M|uirod. 'I'ho inaguotizing ofhiot 
is proportional to tho aggrogati? ainporiM/Urns. Wo thoro- 
foro have i[N\ praotiiailly oipial to at all times, 

or for offootivo valiums, lu^glooting niagnotizing ourront, 

TRANSFORMER DIAGRAMS, LAGGING CURRENT 

§ ()!l. Tho phase relation of ourront and o.ni.f., prlinary 
and s(!tamdary, doponds on tho oxtesrior ])ortiou of tho 
Hooondaiy oiriaut. If this portion of tlio idrouit is a noii- 
induotivo riisistaiKiO, tho sooondary ournmt and o.ni.f. will 
1)0 in tho sanio phase. M'ho same is tiaio also for any 
nrraiigoinont giving unit power faiitor. If tho H<*oondary 
ourront is out of phase with its o.m.f. wo may have (dthor 
haul or lag. 

In any ease a revolving vootor iliagram may bo used 
to roprosont tho fnots. 'J'o illustrate a oaso in whioh tho 
ourront lags liohind tho o.m.f., lot us draw a lino ()(!<* to 
roprosmit tho sooondary ainporo-turus hjtN-ji and a lino 

OJi'ji to iiopiHi.sout tho Hocoudary volts-por-turn in their 



TRANSFOllMEll DIAGRAMS, l.AGGING CURRENT SI 


proper phnso relation (Fig. 20 ). Draw parallel to OC2 
a lino to r(;pr(!.scnt ohmic drop per secondary turn 

Then 0 /U will repi'csonb the c.in.f. per secondary 

N 2 

term i)rodiu!ed by the varying Ihix. At right angles to 
OAo ( 90 '’ in advance) draw OF to repre- 
sent tin; Ilux (/>. Opposite to O/U, and 
e(iual to it, draw O/li to represent the 
})art of the apphed e.m.f. inapiired per 
tuj-n to balance the induced (MVi.f. Draw 
the line OCi ecpial and opposite to OC2 
to r(^pr(^s(mt tlu', pi-imary ainp(jre-tiirns 
/,Ab, whicii were assiinuul to equal the 
secondary aln[>(n•(^-tnrns. Draw tlie line 
AiJh parallel to OCi to repre^senb the 

H f 

primary ohmic drop p{M' turn -y and 

last draw the line 0 />*i, which nipresenta 
th(5 volts~p<!r-turn which must l)e applied 
to the primary by sonm (ixUu’nal source. 

Bimilar (ptanbiti(^s must be drawn to 
the same setde, but tlai ampere-turns 
need not 1x5 tlrawn to tlx' sanxi s(!alo 
as the volts-i)er-tm'n. The j-eason for representing ampere- 
turns i-ather Hum amper(;s, and volts-per-turn instead ot 
volts, is to ke(5p tlxi lines of reasonable length. Other- 
wise in a transfornx^r with high ratio of transformation, 
similar quantities would Ika nipreseiited by lines of very 
inconvenient lengths. 
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K EVOLVING VI3CT( )RS 


EXCITING CURRENT, CORE LOSSES 

§ (VI. If l-lui core (lu(^ to hyHtorciHis iiiul odcly 

ciimiiitH firo not iio^ligihlo, tlio prinuiry oiirront must bo 
inoronscMl to provido for thoso Jossos, 
Till's julditioiml ooinpoiiout is c.om- 
irionly cnllod tho inufi;uotizinft- or 
ox(!itiuf!; ourroiit. Btrictly .spunking, 
tliu nmguutixing uiirrunt is only tho 
piirt that ])rovidus for hystorosis. 
'Thu nmgiiuti/.ing uurrunt is nuvur 
Hinipiu harnionio, as hysturuBis 
always prodiatus a uurtain distor- 
tion in tho wavu foi'in. Wo may 
as a rulo igiioro tliu highor hariium- 
i(;s, as thuy am prautiually nugligiblo 
in comparison with tlui load cur- 
ruiilH, This may Iio illustratud as 
follows: If /j rujirusunts tho wholo 
primary ourrout, with comiionont.s 
yli of fundamontal frofiuonuy aiul of thruo tiiuos as 
groat frmiiiunuy, and if higlmr torms aro iiugligildo, wo Iiavo 



from whiiih it will lio sifon, for oxumplu, tJuit if 
wo shall Iiavo /(> ii.OOri ..-l i. 

'I.'o jirovulo pow<n‘ for hystorosis and oddy ourrouts, 
tlm oxciting cun-out must bo ahoad of tho flux in phnso. 
In Fig. 21 wo roproHont tho amporu-turiiH of tho oxciting 
(lurront by tho lino (hn. Tho lino OD is o(|unl and oppo.sito 
to OC'al mid OCi, tho rosultant of 01) ainl Om, ro|)roHont 9 
tlio total primary amporo-turns. Rut in anothor way, wo 
may say that Om is tho rosultant of 00 1 and 00^, 
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EFFECT OF THE FLUX LEAKAGE 


§ 05, In case some of the lines of force linking with the 
primary coil do not link with the secondary coil, but 
pass outside tho core, we have a con- 
dition of affairs practically equivalent 
to considering tho useful Ilux as link- 
ing with both coils, and the leakage 
Ilux linking with a choke coil in series 
in tho primary circuit and having a 
number of turns equal to those of 
the primary. Tho choke coil is sup- 
posed to have no resistance. The 
])oteiitial drop in tho choke coil will 
load tho ohmic drop in tho primary 
by 1)0". The flux, which links with 
a portion only of tho turns in either 
coil, is e{|uivalent to a smaller amount 
liiddng with all and having tho same 
total amount of Ilux-turns. 

In Fig. 22, Bill, which leads OGi 
(primary ampen^-turns) by 90°, ropre- 
sonts the primary volts-por-tiirii con- 
Bumod by ilux hadvago. Ailh i« 

ohmic dro}) pivr primary turn. Oil is tho total applied o.mi . 
per primary turn. 



Fill. 22. 


TRANSFORMER EQUATIONS 

& (Ub Tho relations among tho quantities represented 
bv Fig. 22 may bo expressed in tho form of equations. 
].nt vw imaumc that tho oxtomal portion of tlio sooonc ary 
circuit has an impedance rg-h/a’a; and let us assuine that 
the ilux linking with tho primary circuit, but not with tho 


HMVOLVlNd VKOTOltH 


S-l 

socondary, in (//, with inaxiniiini valun </>'. Tho exciting 
current is m. 'I'lio other symhols have tho sani (5 signif- 
icuuco US before. We tlaai liu\as for the nn'olving vectors, 

AiO’a I • /'ni, 


If) -I ■ V 'J/, h\ . 

TRAWSI?ORMKR DIAGRAMS, LEADING CURRENT 

§ (17. K tlnj .4(*(;on(lary currtiut hauls its ((hictroiuotivo 
force, the proper phase relntioiis are to bo taken into 
consideration in inakiug tlu; dia- 
gram. 

Kig. I’d illustrnt(\s tlu^ case of a 
leading secondjiry current. (H!-^ 
r(?pr(!S<ml/S the S(teondary anip<ire- 
turns, 0l{-,> tlie bu’iniiial secoiulary 
vol(.s-p«)r~turn, (^('i tho primary 
ampere-tui’tiM, and Oil tho jn'iinary 
tiu'minal volts-p(U'-turu. 'l.'lio ohmic 
<lrop, vol(,s-p<ir-turu, is rtipr<‘Honbid 
l>y ill ('ho .secondary, and 

by in tlm primary, Tlio 

inductive dnip in tho primary, 
voltS“iHir-turn, is roproseiittal by 
Hill. Jhaaiuso (»f tho phas(i nda- 
tions, the indimtivo drop in Fig. 
Fm. UU, lid is ]iot a drop at all, but ratlmr 

a rise; for tlai terminal volts-por- 
turn on are aclaially hns than tho amount Olli, which 
would have been rocpiinMl for tho Haino conditions of tho 
cocondary with no inagnotio leakage, 
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DIFFICULTY FOUND IN EXPONENTIAL EXPRESSION 

§ ()S. To oxproas tho magnitudes represented in the 
l)r()vi()us (iquutions and diagrams in terms of exponentials, 
tho phase r(3latious must all be detormiued. If, for example, 
it is desired to express the secondary current in terms of 
the primary electromotive force and tlio constants of the 
circuit, wo shall find the exponential expression to be very 
(!omplicated. On tlio whole it is bettor in a numerical 
probl(3m to prececal through tho series of equations given 
in § ()(), xising numcricad values. Practically it is difhcult 
to detcn'iiiine tlio leakage ihix and t!ie niagneti/ing current. 
The reason is liecause the pc^rineahility of tho core is not 
constant, and the leakage (lux, therefore, is higher at larger 
loads. The ililliculties are, however, not insuperable. 


CONCLUSION 

§ (h). It is beyond tho scope of this Binall book to con- 
sider all the alternating current problems to which tho 
method of revolving viictor.s may bo applied. If tho reader 
has become well enough acaiuaiuted with the method 
to feel coididemio in applying it when occasion arises, 
the author's purpo.se in writing on tho subject has been 
accomplisliod. 
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Aceol(M‘a|.ioji In Hpinil inol.ion Ill 

" in iinifnrm circular moti(m IS 

Apcrimiic (liHcliarno of a condciiHcr o 1, W) 

Ai'i'iiml ^ 

halutmcti circuitH ; . . . . 4ft cl neq. 

llciiiniilli 

{'anchy 

Coniplox: quaiilitiiw 

'• “ adiUMon of iii, 211 

" “ diviaion of iii, S 

“ " niulUidiciitlou of iii, S, *12 

“ " powcrH of ^ 

“ “ VtnilH of *1 

*< ‘ ' rotary power of •‘•‘W/- 

“ *' HuldructUHi of iii, 

(loinpcMiiid liarinojiic (iniront, o.tn.f. and power (iS 

(JimtUaau'r, iiporlodi(i ctr iioii-oncillalory diacliai’KO of ti lr l>‘'l 

“ OHC/illatory diHchai't'o of 

. . 1 S2 

( ‘oro 

drank 

diirront, oxcitiim or inaniiotiKiuK 

" coni])ound 

*' aiiiiplii harmonic. ■ 
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